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Abstract 


The purpose of this investigation was to examine the 
erfect Of Studying a unit in) solid geometry on the perform- 
ance of children in a geometrical maturity test. 

The experiment was performed in Edmonton, Canada and 
Ty tidied, VLSCeae lisa Wem soo, ehildren in gradevsix,-and 75 
children in grade seven. In all 21 classes took part in 
the experiment, the control group consisting of 9 of these 
classes. A geometrical maturity test was used as the pre- 
Vesteaharpost west, ~ in each *test four solids were used; 
The post-test used a different set of solids from the pre- 
test. This test is based on the work of Piaget and Inheld- 
er (1963) and developed by Boe (1966). After administra- 
tion of tne pre-test, the students in the experimental 
group in each city studied the unit "Making Rectangular 
Boxes" (Kuper and Walter, 1978). The post-test was admin- 
istered to all the students on the completion of the unit. 

The main question investigated was: Did the children 
who studied the unit perform significantly better than those 
who did not? Two subsidiary questions were examined: 

(a) Was there any correlation between ability as measured 
by IQ and the score in the pre-test and post-test and (b) 
was there any difference between the performance of the 
children in Haifa and those in Edmonton? 


It was found that in Haifa there was a significant 
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difference between the performance of the experimental 
group in the post-test and that of the control group. The 
same effect was observed in Edmonton, but could not be 
said to be significant. The children in Haifa performed 


better than those in Edmonton. 
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Chapter I 


Background to the Problem 


Pal eu cnOauUcti1oOn 

Geometry is one of the most neglected subjects in 
the curriculum of the upper grades of the primary school 
and the lower grades of the junior high school. And 
within the frame-work of geometry, solid geometry is the 
most neglected. 

This study will describe a curriculum unit designed 
to give experience in solid geometry to children in grades 
six to seven. The material in the unit includes model 
building and the study of the relation between two- and 
three-dimensional figures. It gives the students an 
opportunity to examine bodies in three dimensions and it 
provides an introduction to the study, of volume.) In) order 
that the child get the maximum benefit from the exercises 
IN -vne unit. it as intended thet he should discover the 
relationships by himself or by discussion with his fellow 
Students. 1ne the ckass:. 

An attempt will be made to see if studying the 
material described affected the child's performance in a 


geometrical-maturity test. 
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lien  Ere@=traditional Machematics Curriculum in the Schools 


During the first half of the twentieth century, math- 
ematics curricula in most western countries remained static. 
Some curriculum reforms had been made at the beginning of 
this century, under the influence of Perry (1902) and 


Moore Groeny)! 


But half a century later, many of the inno- 
vations suggested by these critics had still not been 
implemented. Even in the 1970's, fifty to sixty percent 
of American schools still use the traditional curriculum 
CK1 ines 1973): 

Traditionally, the mathematics taught in primary 
schools consisted mainly of arithmetic. There was some 
descriptive geometry, usually to enable students to apply 
arithmetical calculations to areas, perimeters and 
volumes. In the junior high school the student studied 
Simple manipulative algebra and arithmetic, whilst the 
senior high school course consisted of algebra, deductive 
geometry and simple trigonometry. The geometry course, 
j.e. Euclidean geometry, was taught in the tenth grade 
DT ye in senoelnsc=iieene -unttea statesy’ «Solid» geometry, 
if taught at all, was part of the twelfth-grade curric- 


ulum. 


Iuoore's address before the American Mathematical 
Society in 1902 was reprinted in the Mathematics Teacher as 
one of a series of articles entitled 'Classics in Mathematics 
Education' (Moore, 1967). 
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In Britain, the traditional curriculum in the gram- 
mar school comprised arithmetic, geometry, algebra, and 
trigonometry. The first three subjects were taught in 
parallel throughout the first five years of the grammar 
School.  kagunewslast two years, in the “sixth ‘form’, the 
Student studied calculus, analytic geometry, algebra and 
in some cases applied mathematics. However, only students 
intending to study sciences in the university would con- 
tinue tor study mathematics wniethe sixth” form. 

Viewecunt rT culUuUmo an mathemaurcs in Israel schools .was 
Tre nost respects simtlar to thatiiin Britain. ‘However 
the age grouping in the schools was structured differently. 
Until the 1968 reform in the educational system, eight 
years of primary school were followed by four years of 
selective high school. The high-school curriculum led to 
a final level of knowledge similar to that in Britain. 
After the reform in the school system, the age grouping 
was converted to six years in the primary school, followed 
by three years in junior high school and three years in 
the sentor high’ scnool jor’ similar school. 

To illustrate the methods used in teaching mathe- 

Net cowl notite: tradiitvonda) CuUrYaeulum, it 1s instructive ‘to 
examine the text-books used in the schools. One of the most 
widely used series of text-books in Britain (and its 
Dominions and Colonies) was that of Durell. Durell's 
General Arithmetic for Schools (Durell, 1959) was first 
published in 1936 and by 1959 it had been reprinted 29 


times. The opening sentence in the introduction is reveal- 
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ing: 
The character of this book has been deter- 
mined by the belief that the primary 
object in teaching elementary arithmetic 
is to ensure accuracy. In pure comput- 
Rclonetire fess  thempupil Nas’ to think. 
the more likely that mistakes will be 
avoided. 
MDurelween 1959.0 .Vil. myoitalics ) 
In 1978 the attitude represented by this last statement 


cannot be considered as desirable or valid. 


1.3 The Teaching~of Geometry 

The geometry taught in the high school followed 
essentially the sequence of Euclid's Elements. This was 
true irrespective of whether the course was taught inten- 
sively for one year (as in North America), or for several 
years, in parallel with algebra and arithmetic (as in 
Britain). Aine wusraeli System Was iSim ilar to that of 
Britaan. 

Euclidean geometry has formed part of the education 
of the young since the time of the Greeks. The classic- 
al education, the quadrivium, consisted of the study of 
logic, philosophy, harmony and geometry. The rationale 
for teaching geometry has always been its emphasis on 
deductive reasoning and mathematical rigour. However 
this rigour is quite often pseudo-rigour: 

‘pie Lo the complicated nature of Euclid <s 
approach and to a certain obscurity in 

the foundations, a capricious mixture of 
rigour and intuition penetrated the teach- 
ing of geometry. Some textbooks listed as 


many as forty axioms for elementary ge- 
ometry, while leaving the axiomatic 
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structure of the basic geometrical concepts 

wide open so that again and again intuitive 

arguments had to be appealed to.' 

USteiners 1970) 
The drawbacks and logical defects of Euclidean geom- 
SUby rare saiscusseds Dy Ike inmiiooco. | One of Klein's 
Seweis(smOt suiew ELenmentsumoig bUCiade1s the rigid 
Separdt ion, Of plane and solid geometry. in. addition, klein 
Giscusses Chel lack of rigour wa some of Euclid’s defini- 
IMmOnS sO, examples. une Concepu. OF a invgid trans lation: 15 
tacitly invoked in the treatment of congruence. Anotner 
Shortcoming in Euclidean geometry is the almost complete 
disregard for order concepts (e.g. "between", existence of 
twoesiaes tot, a Hines the interior of ian angle) which are 
not defined in the postulates. Moreover, some of the con- 
Setructions evoke tacit assumptions, for examples, Euclid 
assumes that some lines and circles intersect in points. 
The 499 thimMaxs om oTeeuclidy has bheen@arsource of inquiry 

for mathematacians# throughout tie centuries .2* This axiom 
States: , iat editeray s than Ghitteum mer Tt al lamgvonecworts traight 
lines make the interior angles on the same side less than 
two right angles, the two straight lines, if produced 
indefinitely, meet on that side on which the angles are 
Mess than’ two ritcgnt angliiesi? (Euclid, itrans.7956)°" The 
axiom is nowadays usually quoted in Playfair's version: 
“Through any given point not on a given straight line there 


can be drawn only one line parallel to a given line." 
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The axiom as stated by Euclid is much more complex in 
form than the four previous axioms stated in the Elements. 
Mathematicians felt that there was a need to search for a 
proof of the fifth axiom, which would be dependent on the 
four earlier axioms, thus dispensing with the need for the 
fetes oxXlOM.y,inessearch, forithis, proof. forms; a. fascinating 
part of the history of mathematics. 

Meder (1958) points out that a treatment of geometry 
which evolved classically to train intellectuals and 
philosophers is not necessarily the best way to produce 
mathematicians. Nor is it necessarily the best way to 
teach mathematics to children. He claims that under- 
Standing is lost when mathematics is embedded in logical 
formalism and when emphasis is placed on the axiomatic 
Structure. He States * that instead: 

Our aim should be to encourage our students 
to approach the study of geometry in a 
spirit of discovery and adventure, to lead 
them to understand to the fullest extent 
consistent with their ability and maturity 
how mathematical facts are discovered and 
now mathematical concepts are formulated 
and may be generalized and extended. 

(Meder, 1958, p.583) 

From the arguments of these writers, we see that 
(a) Euclid’s;togic is incomplete and that (8) even if 
it were not, the emphasis on logic is at the expense of 
understanding the content. These criticisms of Euclidean 


geometry have serious implications for the teaching of 


geometry in the secondary-school classroom. 
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oes nenrrenature Punsuit.of Rigour atthe Expense of 
Physical Understanding 


The emphasis on rigour is a defect not only of the 
traditional geometry curriculum but of many of the new 
CUrrUCUNae as Wel lore KT inerinooe), iran article critica | 
of the teaching of modern mathematics in the high school, 
attacks the tendency to prematurely demand rigour in 
mathematical proofs, definitions and structures, before 
the student has the capacity to understand and appreciate 
tnesmeaning, oT rigour. He says: 

Mathematics must be understood intuitively 
iMnepoys 1 .Calsion-geometr ical. terms... This ss 
the primary pedagogical objective. When 
Tnas Wea Chieved,. ity 1Se proper, to, formudate 
the concepts and reasoning in as rigorous 
a form as young people can take. 

(Kel (NCS W958 4 42a) 

Definitions and postulates with this emphasis on 
rigour can be found in many textbooks. For example, in 
the junior-high-school textbook by Van Engen et al. (1964), 
the concept of area is introduced as follows: 

The union of a simple closed curve and its 
interior is called a closed region...A 
measure of a closed region is a unit closed 
region... The number of unit closed regions 
that do not overlap and that can be included 
in a closed region is the area of the closed 
region. 
(Van Engen et al., 1964, p.469) 
The textbook is one written after the introduction of the 
"New Math". The definition quoted above is a mathematic- 
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area has a physical meaning — it is a measure of the 
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SUmiace. wavan Engen S 1ormad definition, of area does not 
give the child any understanding of the physical meaning 


of area. 


Deo cei LUnClLOnwin ene leaching of Geonetry 


The new approach which is needed in the primary and 
TUnoOr igh senoors should stimulate “intuitive”  under- 
Standing of geometry. By an intuitive understanding is 
Weantchat= the ionild can) gquvercda) correct answer to a 
question without necessarily being able to give an analyt- 
ic explanation for his reply. Indeed he may give a 
correct response, without being able to give any explan- 
ation at all. (For ‘example, he may “know what is meant 
Dymo Sullares He scan correctly pick out a square from a 
EOIECCL LON OT Models OT dgawingsy of a set. of quadrilaterals., 
but when required to describe a square, the child may not 
Dewable to formulate a set of sufficient (or even necessary) 
Criterta. 

Pitaddic1d0ne to: thls intuitive, knowledge, students 
need opportunities to visualize and to have physical con- 
tact with geometrical bodies and shapes. This is desirable 
both on psychological as well as on pedagogical grounds, 
as will be shown in the second chapter of this Remo iL 

One of the recommendations of the Cambridge Conference 
on School Mathematics reported in Goals for School Mathe- 
mattes (1963) stresses the need for a more intuitive 


approach. Similar pleas were made in the report of the 
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Royamont Seminar, held under the auspices of the Organiza- 
tion for Economic Cooperation (1961), the K - 13 Geometry 
Committee ono thesOntarion, lnstatute. for, studies in Education 
(1967), and injithe, reports ofethe Bratish Schools Council 
Porcher curriculum and Examimatnons. curriculum. bulletin 


entitled Mathematics tn Primary Schools (H.M.S.0., 1965). 


1.3.3 Three-dimensional Geometry 


There is an almost complete neglect of the three 
dimensionality of the world in the teaching of geometry 
Ios CuOOlSe. we ond Wives om, a, World sof three 
dimensions and not of two. Yet most of the geometry he 
learns at school is in the simpler and more abstract 
world oF twor-dimensions. Furthermore, most of the exer- 
cises and examples are performed as paper and pencil 
acCCivRmes.. sl brougnout, most.of. their-school. experience 
in the geometry classroom, the students never have to 
look at lines, planes and bodies in a three-dimensional 
Setting, 

In Alberta, the textbook in common use for the geo- 
MetiVveniguescenoo course jisewmilcom (1968)... Outs of, its 
376 pages only 34 are devoted to solid geometry (i.e. 
about 9%). Even where solid geometry is studied in the 
last year of the senior high school by the few mathematics 
specialists the exercises set are very contrived. A typical 


example is: 
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Pic nanG Ce AeCwn wba" BOM CBN Ss cael Tne 
segment perpendicular to the plane ABC. 
A plane through the mid-point of Bw 
intersects AN at P and BW at Q@. Prove 
Chat wAbeC Asan i VSsosceles strapezoid, 
(Weeks and Adkins, 1961, p.172) 
Withoutta suitable diagram, an ability..to visualize in 
three-dimensional space, and a considerable skill in 
perspective drawing, the student cannot even begin to 
ap vans Skhilieein: logucalededuction ito this itype lof 
problem. 
However, even fewer students are studying solid 
geometry than in the past. There is a tendency nowadays 


LOMmenOCsSeFOUNe COD UTOnNswsucieas iproObabi lity and Statistics 


Or computer sciences. 


iooe4 > Therenonasas sonvRight, Solids 


A few simple, regular right! solids form almost the 
entire content of the senior-high- school solid-geometry 
course. Non-right and irregular solids are neglected. 
These solids (see Fig. 1) include the prism whose base 
1s not an eqauilaterai’ triangle, square or rectangle. It 
alse inchudeseathe solids which are not right\solids, such 


as the oblique parallelepipeds¢. 


Vy PigueesOmrdats One Gn whiche the ends or bases are at 
right_angles to the axis of the solid. 

A parallelepiped is a six-faced solid, with three 
sets of parallel faces, each pair of which are congruent 
parallelograms. 
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Right irregular solids 


ENN 


Skew solids 


Figure 1] 


Right Irregular Solids & Skew Solids 
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Even in those scnools which include solid geometry, 
the students rarely meet the five regular Platonic solids, 
and, even more rarely, the thirteen semi-regular 
Archimedean solids. The students learn that only five 
Platonic solids exist, and that these were known to the 
Greeks as symbols of perfection. They learn that Euler's 
formulasF.+ Vr= BF - 2 holdss» (Here F is thesnumber of 
faces of the body, VY the number of vertices and £ the 
number of edges.) However students hardly ever have a 
chance to explore other types of solids and to show that 


Sivalarerelactonshtpss ho ldsforithesessolidsatoo. 


he 3montteasurement sine Geometry 


The study of geometry in the schools can be separated 
into two main catagories, namely, the study of the proper- 
ties of the shapes and solids and the measurement of parts 


of tne shapes and solids. The former involves the know- 


ledge of names, properties and relationships of tne various 


geometrical figures. For example, the student should 
know that: 

(a) a square is a special type of rectangle, 

(b) not all rectangles are squares, 

(c) “theasquaresisme font efertionbusis 

(d) the diagonals of a square are equal, 

(e) theadiadonals ofvaesquane bisectseachvother at 

right angles, and 


(f) the square has four axes of symmetry. 
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iostescnool CUrniculdamalso include the study of 
measurement of shapes’and solids. This includes calcula- 
LAOn Oraperimeter,, area andar volume.’ It is clear, that. in 
order to perform anything more than the most elementary 
calculations, a knowledge of the properties, or at least 
some selected properties, of the shapes is required. 

One of tne challenges in teaching elementary mathe- 
matics is the difficulties children experience in distin- 
guishing between perimeter, area and volume. The problem 
is well known to school teachers. Lovell COT Fini ea 
paper dealing with some spatial ideas of school children 


OIE S wOtl wUlkast bIlTS is an issue well-recognized by 
elementary school teachers, that children confuse peri- 
meter and area." 

Une likely reason for, the conrnusion is that tne con- 
cepts of perimeter, area and volume are introduced in 
quick succession (usually in the upper grades of the 
primary school). The child does not always have time to 
assimilate one of these ideas before he meets the next 
one. sAs the subgect 1s usually taught, three distinct 
skills are required: 

(a) an understanding of the concepts of perimeter, 
area and volume, and the distinctions between 
then, 

(b) an ability to perform the necessary arithmetical 
CalcuLavrons., aid 


(c) an understanding of the different units of 
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length, area and volume. 

Perimeter is measured in centimetres, inches, metres. 
Area is tieasured in square centimetres (cm*), Square 
feet or acres. Volume 1S measured in cubic inches, 
cubic centimetre (cm?) or cubic metre (m?). There are 
not sufficient differences between these names for the 
child to easily distinguish between them. It is even 
more difficult for him to convert from one set of units 
to anovther? 

Bhnother POGENntI al Sourcewor contusion’ 1s that,’ tor 
example, a rectangle may be drawn to represent the peri- 
meter of a field, but in another problem the same rectangle 


may represent the area of a table. Thus in 


Figure 2 


Perimeter or Area? 
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Fig. 2, given the lengths of the sides of the rectangle 
Sora UNbeSvandip UNTtS, tne -enildenas to calculate 
ete Tepes OM DEerhapsecarh cues. OY evyenec(a t+ Dd) 
Units: im order to find’ thevperimeter>. To find the area 
NemiasmlOsCalCuldue gexsb, saquanevunits. SAlthough» he has 
cies necessary Skills “In bothwoddrteron-and—multiplication, 
unless he is sure of what he is doing, he will not know 
when to multiply and when to add. 

When a child begins to learn volume his confusion is 
compounded. The algorithm usually taught for the volume 
Of aareetanguiar prism 1S Forieltiply the Wvength by the 
breadth by the height. But wnich measurement is the 
height and which is the breadth? Are not all these terms 
equivalent to length? 

It is therefore important that the child be presented 
with appropriate physical experiences of perimeter, area 
and volume before being confronted with exercises in cal- 
culation. Here again pen and paper exercises are not suf- 
ficient. If the child sees a two-dimensional drawing of a 
three-dimensional figure on the blackboard, it cannot be 
assumed that the child recognizes the drawing as a perspec- 
tive representation of the solid body. He has to under- 
Stand that the figure is a solid before he can perform the 
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Figure 3 


Bishop's Diagram 


In a recent article, Bishop (1977) describes an exper- 
iment in which he showed some Papuan students Fig. 3. He 
asked them to make the object shown in the diagram from 
POCkt al) eStiGks sana = pilasiticine., some: OT the students pro- 
duced a square with two diagonals, and others a square- 
based pyramid. Both these "wrong" interpretations are as 
legitimate interpretations of the plane diagram as the 
intended one of a regular tetrahedron. Difficulties were 
also experienced in what Bishop calls "the standard and 
conventionalized representation which makes little conces- 
Sion meorcedl cy wy hbis, 1S particusanly true when we con- 
Sider the drawings presented to children in the geometry 


class.) He continues : 
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If you now consider the number of diagrams, 

graphs, sketches, constructions and tables 

which we use in mathematics, is it not 

strange how little time we give to techn- 

iques which must be mastered, to learn the 

complex visual vocabulary which must be 

learnt and to the many arbitrary conventions 

and rules which must be digested? 

CBa-shops- 197-7) 
Wed?” Making RecGanguLat<o0 Lid Si 
[Hak ingeneagtang@ular sollas |. ther unit discussed in 
this report, was prepared as an attempt to provide children 
with experience in solid geometry. It is intended to be 
diepnecToOducunon coe Lie svudye OL, volume, eSpecially of the 
rectangular prisms. It provides opportunities for the 
Chua to DdDUTId, examine. nandiesand draw the solids, which 
heaved! With Thends TIVSe contact with the, study of 
volume. He will be able to compare drawings of the solids 
with the actual bodies, to transform a two-dimensional net 
Ordo Solid into tne Solid itsels , and’ tor examine the 
ForaciIOnShiy yOt sone particulary tines In’ Space’ witn™ tne 
solids bodies he has already built. 
TE is nopeagethac, the Unive will nelp the student im 

the upper primary or lower secondary grades to develop 
maturity in looking at geometrical solids and in relating 


those solids to the appropriate drawings and plans of the 
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Chapter II 


Review of the Literature 


ew einen ESycnological Understanding of Space and Geometry 
Goret Shere iagetian Theory 


Most present-day studies on the psychological under- 
standing of space and geometry are influenced by two books: 
Pretwenild's Conception of Space (Piaget and Inhelder, 1963) 
and Tne Chrid'’s Conception of Geometry (Piaget, Inhelder, 
ance oz eins Kale WOOO), s AccOrdings to Piaget and his coworkers, 
the child ™s understanding of space unfolds in a hierarchial 
pattern. 

The tiyst impressions: the baby forms of the world are 
Pnept be: Sor tact nie in mature.  fhe-mnelationships the child 
perceives are purely qualitative ones: proximity, separa- 
tion, order (spatial succession) and enclosure. These re- 
lationships are non-metric in character; they are basic to 
Line pranten om tiatenemattcs Called stopology. At this ‘stage 
the baby has no knowledge of distance or angle, nor of the 
permanence of objects. 

Later the child acquires the concept of projective 
Space. An object is no longer seen in isolation but is 
perceived in relation to other objects. At about the age 
of seven, the child can build a straight line, irrespective 
of the frame of reference. The ability to coordinate 


perspectives and to develop a less egocentric thought 
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structure appears later (Flavell, 1963). 

In the third stage (from seven years onwards) the child 
acquires a knowledge of Euclidean space (Piaget and 
Inhelder, 1963). He begins to develop a two-dimensional 
framework. Moreover, he is now able to conserve substance 
and length. The concept of conservation is essential for 
the child to learn to measure. In order to use a measuring 
instrument the child needs the ability to conserve and in 
addition needs to understand the concept of reversibility, 
fee aneniLemunagers tands athaty ito cee Be. thenys = A. fn add- 
ition he has acquired the concept of transitivity, namely, 
Bits =soeand b =.C 3. ‘then. A = C . 

From about the age of 12 onwards, most children under- 
Stand the properties of number, space, and time. The child 
can USUal ly cons trict formal. logical theories... and can 
reason, deduce and hypothesize. He has acquired the concept 
OLECOntInuUity.. Which Ss a pRrenegquisi te stor the full .under.- 
Standing of volume. 

Piaget sees the understanding of volume as developing 
in two main stages. At the "concrete-operational" stage, 
between the ages of 7 and 12, the child's ideas of volume 
are  Cono1Logned lids well as Fiucladean. . His ability to .con- 
Serve wolumeswvrenhars only to, thesmitenior volume, .4.e..,..t0 
the volume inside a bounding surface (Copeland, 1974, p. 
301). The interior volume is not the same as the volume 
actually occupied by the body, namely, the volume of the 


liquid it would displace if submerged. 
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It is only when the child has reached the formal oper- 
ational stage that he understands that this "total" volume 
is conserved: 

Having understood the relation between 
boundary lines (or areas) and interior 
volume, children inevitably deepen their 
sense of the conservation of volume. 
Théeyedtseover*forstherfirst time that it 
is not merely the interior "contained" 


which is invariant but the space occupied 
in a wider context. 


RPTagetmetmal a CO60GGD. 335) 
It is interesting to note that the development of the under- 
Stana@ingsOrespace py tne chila.. starting, from topological 
Spaces UNC OUgh DprOTective tO EUcCIIdean Space, 1S “in tne 


reverse order to the historical development of geometry. 


2.1.2 Experimental Studies 

Lovell and his colleagues, in a series of studies in 
England in the 1950's and 1960's, repeated Piaget's exper- 
iments in a more rigorous and controlled manner. Lovell 
(1959) found partial agreement and partial disagreement with 
Phaget suvesubtsgailnepanticuhar}ethe variation tneperform- 
ance within a particular age group was greater than Piaget 
Suggests. 

Lovell's group reported studies on the conservation of 
substance (Lovell & Ogilvie, 1960), the conservation of 
volume (Lovell and Ogilvie, 1961), and the growth of geo- 
metrical concepts (Lovell, Healey and Rowland, 1962). 

Lovell and Ogilvie (1961) found that the concepts of 


interior volume, of occupied volume and of displacement 


i Me i AS 
cai n iG (dawuagy nds 
4 pine 


. ry ny vhiga, Neh y ay ‘FOp 


Pedigatogb? eg t% ant tc 


erred abiehehnay: tts 


’ 
- 
af 


‘ 


Pe Pee Wi “it ; 
a. vir re py, } Vi aa) , he 
i & Bed ini oe) 929 
J MBA We LHD 2" Hoh 


—_ 


: aka a ied © 7h rm. a\5 


" “ee ‘oo ¥ C 


 ) ier. 
oat of .2f »ohuGe. tes 


: 7 
| ‘ ) PA Paes fa “f CUIAL : Ni ahi Ph ; : a0 & a ® ua 


ai \" : } B57 Bat + ‘or a é 1 4 


i i 


i, . 7 
rooe) 4 nay As TeeIg Bae 


Ba 


titev aa ce ii ‘ho at 


a ao rattle na vit 
Mies wy ite a ete . 


2's Oe si he » J 


acto oS v3 sip ot panseaeot) » 9, 


ae} 
nee i o ‘ite 
ek biebl feet qoe eRe’ an os i ob ° see 


rhe vm, 

i oe 
ro. aad hy 

+i" {ne ais 

AP eg 08 | sbie 

a ey 


JOP TM oa ae naSGa ae 


id or Su So bbe da 


a nie } 
oath ike J na Ay ions sin 
eopone? Ino 229 bas + feve.! 


row 
red i ms bien 


A" i Ti 


a) eG pad eeef: 


Veta tse fut aatenay atom per 


. so ’ 
ive sy ‘ff AeA » L { Th d ‘4 ; 1hq : 7 ra > ur ‘ 
Pi ne 
@ i b yl 
i fb “a' 
: y 


x >) ray . at 
ute Bateinden wane: rm vent . 
" 7 


uae Preven) s S308 


a 


a. seenih 24) 


en . 


ror 
ia’ 8! 


y 


al 


volume are acquired slowly by children. They are not com- 
pletely subsumed until the child is about 12 years old. 

Elkind (1961) systematically repeated Piaget's investi- 
gations into the ages at which children conserve quantity, 
weight and volume. He tested 175 children aged from five 
to eleven. There were 25 children in each of the 7 age 
groups. Of the children in the eleven-year-old group, only 
ODa0 - We Chalidren)s were, conservers. ..E1kKind’s conclusions 
are in close agreement with Piaget's findings that there is 
a regular age-related order in reaching conservation of 
volume. However he disagrees with Piaget about the actual 
age at which each stage is reached. The size of Elkind's 
sample - in the opinion of the present author - does not 
seem adequate to warrant drawing such sweeping conclusions. 

Beard (1962) studied the order in which concepts are 
developed. She performed a series of experiments using 
dit Te GelNits Ly DIeSs Om) Ma bernie) Sa, She, finds, that. for the child- 
ren injher samp.le.,iPiaget.'s order of. conservation (quantity, 
weight and then volume) was not borne out. She suggests 
that experience rather than maturity is the factor which 
determines the order of attainment of the concepts. Volume 
conservation was reached at a later stage than was stated by 
Piaget. Beard states that this as probably due to the fact 
that the children in her sample had not been exposed to 
Suitable experiences. 

HONeNeCo it is difficult to. saccept, all the .conclusions 


of Beard. In the four experiments described in Beard (1961), 


ae an 


} «Leer ona 
1 he 
; Ps ow 


7 


‘a 


a 


A 


4 


gia albag big 
- 


aviban Poa s\ehbad aed. 


Ate ee 

i ae’ ¥ 
hi , 

evi aise At site ist fw : ine i 


7 


/ 
tna) oo @3 a 


) 
¥ 
hc HOSS WO Seg BAIAcAS” 4 
fecice sty Spek fons cia: ae 
bata ls? 0) Bee SAT. i eenesay 
4 ; is d | 
+ 2onh ~ Tongue tnaderd oc? 
3 eT ty j i aie Ty + 
! LIGsoviy Pr i Yap! 
“an " } " 7 < 
P ») aarerer teen 
r gb2)): PaaS IROS seh’ 
iw od? GF. 6 ey os Bigs aa 
i , ¢ 
iio . eoqnoge> gilt Ho ‘vedi 
j 4 1 Gi 
es ute wey, weds! ‘yedie Leds 
ry 


‘aie 


Ar fe \4 
i 


i” 


avi wort deve: as “ot ene vay si 


is 


ave € ils % ds 6 i | 


{ 
aa er ae 


oe i 


rn 2 i ; id ve 
fakin 


ou 
rae ye 


Y 4 


7 
A 
TLA 


y 
f 


in 


i 


» 
= ) 


Ty 


q a 


are 


pith: gine? 


i 
Vibe 
?> 


} m4 oy ale oh 


Sadie a 
nay"! 


sad. Yee ayahhart 2 fecer ia Be Hynaavea: wuoKA, a 


ned a inane ae oo wai a 


yi 


2 rt 


ayy, 


: “a + 
7 ‘4 2 


7? * . 
hii 
7 


_ 


rT | ; 
zag bey 
Re cs 7 at 
ae ee 


ae wrote © a) ‘' poe 


“i - 5 
at bacis 
uf oF ee 


athe bet Ph -on0 oe Laur 


ares 2g, #0, Apert 


Basi 
er “=e e356 sohen’ . : 


} a 


ae el Ao at née Ge af 


. iris 
ee | chink Pe 


my Ld naa : 
. hia 
sitetan Yo ‘e612 7 
? Peyet9 , sf gine 204 
4 ov 
ren | patil ov ath te 


aie ne 
neds: Ni had ahi. 


7 


ite he notin wad ee BS 
ey eaten ete vot 


er 
ee z) 


the number of students in the age group of interest to this 
Spucye (0a td) ll years) awas esital lau) Ghus for the four .experi- 
ments listed in Table 1, the number of conservers was 10, 15, 
3 and 12 respectively. 

The author is particularly sceptical about Beard's 
third experiment, using salt in water (Table 1, Beard (1962) 
Gy (Lnis experimenc 1S of a) very. ditterent nature from the 
others. The child is asked questions about the change in 
level of water in a glass when salt is dissolved in it. The 
solid used here is soluble in contrast to the plasticine or 
the torch (flash-light) battery used in Beard's other exper- 
iments. These other tests use the physical properties of 
liquids to estimate volume. But the solution of salt in wa- 
ter involves chemistry as well as physics. Many adults 
might have difficulty predicting the answer to this problem. 

Conservation experiments were performed by Vinh-Bang 
and Inhelder (1962). Again the size of the sample involved 
was small. 27 students between the ages of 8 and 12 were 
examined. 80% of the eleven-year old children in this 
sample were found to be conservers. 

Uzgiris (1964) used four different deformable materials, 
as shown in Table 2. These were shown to the child in 
succession. He was asked to predict the level of the water 
in a vessel when each was immersed in it. Only if the child 
responded correctly to aZZ the situations was he considered 
to conserve volume. Of the twenty grade-6 children in 


Uzgiris's sample only 5 were conservers of volume. He con- 
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Table ] 


Experimental Studies on Conservation of Volume 


s 


yori 


xperimenter 


Lovell and 
Ogilvie 
(1961) 


Beard 
(1962) 


Vinn-bBang and 
Innelder 
CiO%2:) 


Vernon 
(1965) 


Haterial Used peucenvage nor 


Cer nectyre sponses: 


Wooden blocks 
and water 


Plasticine 
ball and'"saus- 
age',in water 


(aj) Plast vemne 
ball and“bis- 
Cuddy hewWwa ter 


Cb) Plastacine “aid 
Ding -pongebald, in 
water 


Woon esa. Calin, wacer 


(d). Torchs battery 
in water 


Cylinders of dif- 
ferent weights in 
water 


Plastic balls, 
towers of nuts, 

wire coils, plas- 
tic wire 
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Table 2 


Forms of Presentation of the Materials 


in the Experiment of Uzgiris (1964) 


PLASTICIWE 18 METAL COT oF 
NUTS WIRE 


bal] tower 
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SXSXZ 


long 
cylinder 
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Straight 
length 


simple 
knot 
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second 
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cludes that conservation of quantity, weight and volume is 
reached in that order. There are situational differences 
and inconsistencies across the materials which may be due 
to individual past experience. However, conclusions are 
arrived at by generalizations based on a small sample of 
children. 

Vernon (1965) examined 100 boys aged between 10 and 
1] years. He used two equal balls of plasticine and two 
jars of water. One of the balls of plasticine was made into 
a disc. Only 45% of the children were able to answer 
correctly when asked to predict what would happen when the 
disc of plasticine was put into water. 

Table 1 compares the results of the conservation 
experiments described above. It is clear that not all 
children have understood conservation of volume by the age 
OfemvOtenlce Vodanse, shads, seems to Dea tChansi tional age: 
Slight differences in the way of: presentation of the test 
seem to influence the results greatly. Nor can the previous 
educational background and experience of the child be dis- 
counted. There is evidence that suitable concrete exper- 
jences can aid the child to reach the state of conservation 
of volume earlier than he would have done if the experience 
had not been provided. 

The patterns of development described by Piaget are 
being developed and reviewed in the light of experience and 
understanding. In 1963 Dodwell claimed that the patterns of 


development of conservation are more complex and less clear- 
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ly demarcated than Piaget suggests. In a later paper 
(Dodwell, 1971), he claims that little advance has been 
made in the psychology of a child's perception and under- 
Standing of mathematical ideas. He points out that concen- 
UracnOG OT Uncestuay Of Vistarepatcern recogni tron, OT 
perceptual coding and the biological nature of perceptual 
learning, might give more insight into our knowledge of 
wirerenila ‘is widerstanding of space. 

The unit wnich is tested in this report was designed 
to give the child concrete experience as a prelude to the 
Study of volume. Instead of just studying the algorithms 
For=caleculatving, vorumeass tie UnTt aims CO" provide exper- 
iences in examining solid bodies, before performing the 
Ustad l (caskeuibdtOnS-.e-bni= pare) Guilaretie.eht-).d—bud--+ds-eand 
Dimvsewitled Set nO ber eCctanguiar pr isnss LOOKS "Closely av 
them and classifies them in various ways. He examines the 
relation of some non-planar lines to the solid, as well as 
looking at the different ways a rectangle can be put ina 
cube. Estimation of volume relationships precedes calcula- 
PVOneOnm VOLUNGr em iiis ts eclrse eccvempted Dy Trilling the 
DYrashs wilco unic Cubes. 

It is hoped that these concrete experiences will accel- 
erate the understanding of the conservation of volume, and 
the attainment of geometrical maturity, as defined in Chap- 
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cnc Neroeometryr curriculum in the schools 


The notivation for writing the unit "Making Rectan- 
SUvaresolnds, “Con which tnismreport 1s*based) was. in part, 
tne need to improve the geometry curriculum in the schools. 

Geometry has been one of the most neglected sections of 
the mathematics curriculum. This review shows that the 
need for improvement has been apparent for a long time. Al- 
though many attempts have been made to improve the situat- 
ion, not a great deal has in fact been changed. Changes 
made in the curriculum,and in attitudes of educators and 
their committees, have in fact not penetrated to most of the 


Peqacthers ine tier c lassroomet see isSeclLTOns™ 2.30 ana 2.4). 


2.2.1 Review of tne Changes in the Geometry Curriculum 


Since: wieatmnerodue lion Of eUlmnVersdim@ education, in tne 
western world, the classical geometry curriculum has been 
under attack. Griffith and Howson (1974) review the his- 
tory of the growth of the various professional associa- 
tions (lhe "lattonal’ Council’ of Teachers of Mathematics in 
Horth America and the Mathematical Association in Britain) 
which were founded primarily to attempt this curriculum 
reform. *Griffith=and=owson*discuss "the success of tnese 
reforms. 

Many of the early proposals for reform recommended 
that before formal axiomatic geometry was taught, children 
should be exposed to informal geometrical concepts. These 


proposals were based on the work of such educators as 
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Froebel, Pestalozzi and Herbart. The early-education pro- 
grammes of these pioneers included the use of toys, geo- 
metrical bodies, as well as other manipulative materials 
thactronal Counci) ote leaciers of Mathematies,:* 1973) )0"Both 
Perry (1902) and Moore (1967) advocated the more practical 
approach to the teaching of geometry. Perry states that 
ECs 

essential that the student be thoroughly 

familiar through experiment, illustra- 

tion, measurement and every other possi- 

ble method, with the ideas to which he 

opp Les nus) 1OGT es 

(Perry, 1902) 

Tn°rg9iz,~ the UlS.* National Committee of Fifteen on 
Geometry published their final report (Mathematics Teacher, 
1912). They recommended that a special course of geometry 
was desirable in the seventh and eighth grades. In addi- 
tion they stressed that 

Contrary to traditional procedure’, the 
forms of solid geometry should be empha- 
Sized even more than those of plane geo- 
metry, for they are more real and capa- 
DleNrOTeconenete "nu sturat] On. 
(Report of the National Committee of 
Fifteen on Geometry, 1912) 

In the 1960's and after, many important changes have 
been made in the mathematics curricula. In Britain the 
study of mathematics in the primary school was greatly in- 
fluenced by the report Mathematics tn the Primary Schools 


(1965), and by the work of Biggs and Maclean (1969), Dienes 
(1964) and by Nuffield Mathematics Project (1967). 
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The emphasis was placed on a curriculum in which geometry 
is integrated with arithmetic and algebra. These authors 
contend that geometry should be taught through "motion 
geometry'. This approach, through the symmetries and iso- 
Metric transtormations was first advocated by Klein in his 
Erlanger programme of 1872 (Klein 1932). The newer math- 
matics programmes in the high schools in Britain (School 
Mathematics Project, 1965, Scottish Mathematics Group, 1971, 
Mansfield and Thompson, 1962) adopt this point of view. 

These new projects also emphasized that geometry should 
be taught through active participation of the student: 

1. Children learn mathematical concepts 
more slowly than we realized. They 
Fearn shy there owm activities. 
2. Although children think and reason 
in different ways they all pass through 
certain stages depending on their chron- 
ological and mental ages and their expe- 
rience. 
3. We can accelerate their learning by 
providing suitable experiences, partic- 
ularly if we introduce appropriate lan- 
guage simultaneously. 
ia Reaeulee: 1S necessary to fix a ‘con- 
cept once it has been understood, there- 
fore practice should Tollow, and not 
precede, discovery. 

(Report of HMSO, 1965) 

Ins thers Sve thea pd oneeringrworke inn the field ofemathe- 
matics education was influenced by Beberman and the Schools 
Mathematics Study Group (1961), the University of Illinois 
Committee on School Mathematics (1961), and by the work of 
the Cambridge Conference on School Mathematics (1963). In 
Canada an important report was that of the K-13 Geometry 


Committee of the Development Division of the Ontario 
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Curriculum Institute “(ihe Ontario Institute tor Studtes in 
Barca tronaeer 9 73), 

In all these reports and new curricula, stress is laid 
on the need to teach geometry in a different way from the 
formal deductive-axiomatic framework of Euclidean geometry. 
Geometry should develop the spatial intuition of the child, 
Should include concrete activities such as constructing 
three-dimensional solids, paper-folding exercises, the use 
of geoboards, geostrips and curve stitching. The new ma- 
terial should include the isometric and other transform- 
ations to study the properties of shapes and especially 
their symmetries. 

One of the innovations in many of the reforms has been 
Gre tre coum tonieernen psychology, Of learning 1s at: least 
as relevant as the mathematical content (Skemp, 1971; Biggs, 
1967; Copeland, 1976). Copeland (1974) proposed that the 
teaching of mathematics could be improved if we regard some 
of "tive “ideas Of =P raget "as “tire “bas ts! ‘oft aragnostirc tools. 
Indeed the Nuffield Project in England uses some of these 
ideas as guides to teachers for checking the progress of the 
student (Nuffield Foundation, 1970). In teaching geometry, 
Copeland maintains that the introcuction of formal defini- 
ETONSeO SUCH CONCEDES as SeUS FOMMDOIITES ss "rays, SeGments 
and angles are useless rote learning in the early grades 
of the primary school. He advocates designing the math- 
ematics curriculum to suit the Piagetian level of maturity 
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ization of instruction to allow for the wide range of math- 
ematical maturity to be found in any one-age classroom. 

The unit "Making Rectangular Solids" (Kuper and 
walter, 1978.” Appendix Wjeas*one> of a Serves OF unn tS 
written to improve the geometry curriculum. It is hoped 
that the material is presented in a way which will overcome 
the criticisms listed in the previous paragraphs. The 
DuecencauroOn i cesouch tUnat, thes cilia Ge 1S" Op! 1ged" tot builds to 
play and to handle concrete materials. It enables him to 
operate at his own level of maturity, yet there are opportu- 
nities for the more able students to explore mathematical 


problems. 


Gucere Geometry Eaucatton ine lsrael 


The Israel school system is sub-divided into the Jew- 
ish, the Arabic (Moslem) and the Independent (usually 
Ghvristrany systems. The Jewish schools are further sub- 
divided into the secular and the religious streams. It is 
to the largest stream, the Jewish secular system, that the 
following notes will refer. The Israel mathematics curri- 
culum resembles the British curriculum more than it does 
the North American one. 

Under the British Mandate, the mathematics curriculum 
had been similar to that prevailing in Britain. Many immi- 
grants from Eastern Europe arrived in Israel in the 1930's 
and 1940's. Amongst them were good and experienced teach- 


ers of mathematics. Many of these teachers, of German, 
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Rumanian and Hungarian origin, brought with them the strong 
CliacSSicalecraditlons Of those countries. ‘The geometry 
curriculum was classical Euclidean geometry. It was taught 
in the ninth and tenth grades, as well as forming part of 
the school-leaving examination, which was taken in the 
[wor uiagGiade. wihds <cUrriCuULumalncludaed solid geometry. 

Since 1969 a reform in the school system has been 
introduced. Instead of an eight-year primary school, follow- 
ed by a four-year high-school programme, a six-year primary 
School programme is followed by three years in the junior 
high school and three years in the senior high school. 
these last two schools usually form a single administrative 
unit. However in the course of the eight years since the 
first changes were made, only about 50-60% of the schools 
have in fact been included in the reform. Considerations 
of local political expediency have slowed the adoption of 
the reform. 

Ties Oi) c Wace CULLUM, Othe Ministry Of Faucabion 
for the reformed part of the school system includes geom- 
etry as half of the ninth-grade curriculum. The aim of 
Cie curt TCuULUM Ns «LOO Leach JUST SuUELTeTent geometry -to en- 
able the non-specialist mathematics student to understand 
Simple trigonometry of the right-angled triangle. More 
advanced students can choose a mathematics option in the 
eleventh grade, with an additional option in solid geometry 
(Rehovot, 1970). 


In 1972 a new primary-school curriculum in mathematics 
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was introduced. Previously the amount of geometry in the 
curriculum was insignificant. The geometry in the new 
Curriculum constitutes 25% of the total mathematics in each 
grade. The recommended approach is through transformation 
geometry (reflections, rotations and translations) and by 
the study of the symmetries of geometrical figures, and not 
by the study of Euclidean geometry. 

mreor der mvoaetrect SUucCimamnauitcal Gearorm, che Curricu- 
lum Centre of the Ministry of Education had to produce suit- 
able material for the schools (Walter, 1974; Mountwitten, 
1977; Kuper and Walter, 1976, 1978). The rationale and 
methods of this reform and the work of the Centre are de- 
Sey rpede py eden soya. foro). The unit described in this 
VeCOV et SeCCTON 4s. 2) etOrms part “of this mMacerial., elt. 1s 
part of the sixth-grade geometry curriculum in solid geom- 
etry. 

At the same time it was decided to reduce the formal 
=priekvOdrdtaitdsehaike ctype Of Instruction, and to try to 
introduce more activity-oriented methods of instruction. 
The extent to which this has succeeded will be discussed 


Mmrcieontext “Seceron, “leno, hov7).. 


2.3 Non-implementation of Curriculum Reform Proposals 


This section reviews three representative studies on 
the teaching of geometry after the introduction of curric- 
ulum reform. The studies were made in different places and 


at different levels of the school system. No attempt has 
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been made to be comprehensive. It is clear that,in each 
case, recommended reforms have not been effective, nor have 


the reforms been popular among the teaching fraternity. 


2.3.1 The Mathematics Achievement Test for the USA College 


Board 

Williams (1970) reported on an American survey made in 
the year 1965-66. She examined the implementation of the 
recommendations of the 1959 "Commission for College Prepar- 
atory Mathematics", set up by the USA College Board and the 
extent to which the recommended changes had begun to appear 
in the school curriculum. The questionaire was completed by 
2718 seniors who had taken the mathematics achievement test 
for the USA College Board admissions programme. 

The Commission's nine-point programme was intended for 
students capable of doing college work. Only one of the 
nine points referred to geometry. It was recommended that 
the geometry programme should contain plane geometry, with 
coordinate geometry, and in addition, the essentials of 
solid geometry and space perception. About one third of a 
semester should be devoted to solid geometry. 

As can be seen from Table 3, only a few students had 
studied geometry in accordance with the Commission's recom- 
mendations. Only 19% of the courses dealt with deductive 
solid geometry, while 13% dealt with intuitive solid geom- 
etry. Neither the proportion of the course, nor the time 


spent on these subjects was reported, but only the bare fact 
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Table 3 


Percentage Distribution of Description of 


the First Full-year Course in Geometry 


Description of content 


The course dealt almost entirely with 
deductive plane geometry. Solid geom- 
etry in any form and coordinate geom- 
etry received little or no attention. 


The course dealt mainly with both 
deductive plane and coordinate plane 
geometry. Solid geonetry re- 

Genpieds lait ties orrinotja bten tion. 


The course dealt mainly with deduct- 
tve plane geometry and deductive 
soltd geometry. Coordinate geometry 
received little or no attention. 


The course dealt mainly with deduet- 
wet panel Geometry andiunturvtive'soitd 
geometry. Coordinate geometry received 
dint dieu Ort no ait Ten til‘on. 


The course dealt in some detail with 
three types of geometry -- deductive 
plane, deductive soltd, and coordinate. 


The course dealt in some detail with 
three types of geometry -- deductive 
plane, intuttive solid, and coordinate. 


Did not take a full-year course in geom- 


etry. 


Percent of 
total sample 


oy) 


28 


ie 


iWote: Rounding errors and no response account for percent- 


ages not adding up to 100%. 
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that they were included, or not included, in the course. 
HOWeVernettmis Clear thateoa, Of this-sample of future uni- 
versity mathematics students had not studied any solid 


geometry (Williams, 1970). 


2.3.2 GeoMetrys i nether dighe schools in Edmonton 


During the winter of 1974-75, the members of a research 
seminar in ChesUnivershey «Oren Derta, Edmonrtons—sent a 
questionnaire to teachers of mathematics in the high schools 
in the Edmonton area. The seminar was under the guidance 
of Sigurson of the Department of Mathematics Education. The 
purpose of the survey was to examine the state of the teach- 
ing of geometry in the area. The teachers were asked about 
the amount of time actually spent on geometry in the class- 
room and on the amount of time that they would prefer to 
spend on geometry. They were also asked to comment on the 
Scurriculum then te iuse. “The results of that’ survey are 
Summarized in Table 4 (private communication). 

Tt Was clear, both from the time’ spent on” geometry, 
and from the teachers comments, that they did not use - or 
even want - the new curriculum. Not one of the schools in 
the sample spent as much time on geometry as was recommended 
by the Department of Education in Edmonton. The teachers' 
attitudes to the teaching of geometry in the tenth-grade 
course, (Math 10), were examined. An overwhelming majority 
of the teachers considered that parts of the course were 


too difficult; nevertheless most preferred to spend even 
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Table 4 


The Teaching of Geometry in the Edmonton Senior High School 


A Survey of Teachers, 1975 


practron. On peime, spent Pied CULOMnO eure 
on geometry in the schools spending 
mathematics course that time 
1 AMAT 10 | 15% 10% - 25% 
12% More than 25% 
% Less than 10% 


Recommendation of the Department of Education, Edmonton 


40% 
Ze MATH ZU 19% 10% - "25% 
4% Mess than l0% 
3% fore rnhan "25% 


Recommendation of the Department of Education, Edmonton 
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less time on geometry. Indeed, they felt that only 10% of 
the mathematics time should be devoted to geometry. 

The report of thisisunvey indicated that students in 
Edmonton high schools leave school having studied algebra, 


but little or no geometry, in their mathematics courses. 


Zr owe (GQeOMetryei wethermPrimarye sehool (im ilsrael 


A report on the state of mathematics teaching in the 
primary school in Israel has recently been prepared (Tehori 
1978). The survey on which it was based was conducted in 
1976. The information on the geometry curriculum is quoted 
im rigures 4, to/. se lnsorntation es notuyetiavan lable.«for 
grades five and six, but the general picture is not obvious- 
ly different from grades one to four. The details for some 
of the arithmetical concepts are provided for comparison, 

The Israel school system is a centralized one. The 
OTe val CUrrICUlumas common. toe-the whole school isys tem. 
Thus the 1972-3 curriculum stipulated that geometry should 
form 25, «Tf the mathematics curriculum. In principal this 
stipulation should have been implemented in the schools all 
over thescountry. LAS, can be seen from Figures 4 to 7 very 
Itttlie ofethe geometry included in, this curriculum, isain 
fact taugnt in thesclassroonm. 

It is interesting to note that where suitable material] 
is available in Hebrew and where there has been some in- 
service training, the teachers are willing to teach new 


topics. For example one quarter of the first-grade classes 
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Figure 6 


The Implementation of the Grade 3 Geometry Curriculum in Israeli Schools 


208 Schools 


Implementation 


‘Inderstanding the multiplication K. The box, the cube, sphere, cylinder 
table to nines. pyramid and wheel. 
Drawing using a ruler and a triangle. Be eSicctions: of ‘the cylinder, sphere and 
wheel. 

The straight line, the ray and the 
segment. M. Sections of a box, cone and pyramid. 
Addition and subtraction of seg- N. Completion of half of a symmetrical 
ments using a ruler and compasses. Shape relative to a given axis. 
Angles, right angles, straight O. Finding the axis of synmetry of a 
angles, obtuse and acute angles, given shape (fold line). 
without measurement, 

P. Translation: the difference be- 
(lassification of triangles by tween translation and rotation. 
angles and by sides. 

Q. Rotational symmetry, covering by 
The properties of the rectangle rotation, discovering the proper- 
and the square. ties of symmetry. 
Measuring the area of a rectangle ReRemlection in ad planes handing s tine 
and a square by covering with planes of symmetry of different 
rectangles and squares. bodies. 
The circle, the centre of the S. Metre, decimetre, centimetre and 
enue les radiius® the millimetre and the relationship 

between them. 

The ellipse, drawing an ellipse 
1S ING ES br inge T. Recognition of the basic units of 


area (cm dm@, m2) without changing 
from one unit to another. 
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The Implementation of the Grade 4 Geometry Curriculum in Israeli Schools 


82 Schools 


Implementation 


° 
70 


Long division, using distributive 
law. 


Parallel and perpendicular lines. 


Drawing parallel and perpendicu- 
lar lines using two triangles. 


The measurement and construction 
of the heights of different 
triangles. 


The family of parallelograms and 
its properties (the parallelo- 
gram, the rectangle, the rhombus 
and the square). 


Angles and their measurement 
using a protractor. 


Constructions: the use of com- 
passes to draw circles, arcs, 


isosceles and equilateral triangles. 


Construction of the circumcircle to 
the rectangle and the square. 


Construction of a triangle: (a) giv- 
en three sides, (b) given a side and 
two angles and (c) given two sides 
and the included angles. 


Demonstration of the properties of 
a set of parallelograms using their 
symmetries (axes of symmetry and 
centre of symmetry). 


The relation between two reflections 
and translation. 


Finding the area of a rectangle by 
using the formula. 


Measurement of volume of a rectangu- 
lar box and the cube using a cubic 
centimetre. 
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in the survey are taught symmetry, either using a mirror or 
by folding paper. The activity-oriented approaches are 
those of the "Mirror Cards" (Walter, 1974), in Hebrew trans- 
lat ronewrandss Darderet Nikoov. (rans lation: Pages. for 
punching holes, Tal, 1975). Other branches of motion geom- 
etry, such as rotation and translation are neglected, al- 
though they are in the curriculum. This reflects the lack 
of corresponding materials. 

From this brief survey we see that reforms in geometry 
education, even where they have been adopted, have fre- 


quently not been implemented. 
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Chapter III 
The Measuring Instrument 


The present study makes extensive use of geometrical 
sectioning tests to be described in detail in Chapter 4. 
In the present chapter the evolution aah cae tests will 
be reviewed and their reliability will be discussed. 

Sal. SeCLVOnIng ests 
Solu Une kr LaCeuranm. Les. ts 


Geometrical tests of the type used in this study were 
described by Piaget and Inhelder (1963). In these tests 
the child is shown geometric solids and asked to predict 
the plane shape obtained when the solid is cut by a plane. 
Two types of response are elicited: in the first the child 
draws the shape he thinks will appear (the drawing test), 
and then he chooses the correct drawing from a set of draw- 
ings (the multiple-choice test). ‘Piaget maintains that the 
two tests are equivalent. 

In the studies of Piaget and Inhelder, children of 4 
to 12 years of age were tested. Among the solids they 
used were a cylinder, a prism, a parallelepiped, a sphere 
apdee cone. In the tirst Tour of sthese solids the sections 
seemed to have been transverse and longitudinal. For the 
cone, the sections produced a circle, a triangle, an 
ellipse and a parabola. In addition Piaget and Inhelder 


used some more complex objects, such as an annular ring, a 
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four-pointed star, a helix and a cornet. However, Piaget 
and Inhelder do not describe the solids they used in detail, 
nor do they formulate an exact and consistent protocol. 
Consequently, it is not always possible to ascertain the 
precise nature of the cuts which they used. 

Piaget and Inhelder found that at the age of four, the 
child produces drawings which represent a hybrid between 
the external appearance of the solid and the expected cut. 
baterscatsabout-s or’ 9° years offage, the? child@can identify 
only the simplest sections. By the age of 12 years the 
child can predict correctly all the sections of the sphere, 
the cone, the cylinder, the prism, and the parallelepiped, 
which were presented to them. Piaget thus claims that the 
child can operate effectively in Euclidean space by the age 
oTeliz’ yearse Se inise@age? 1s oF Anteresteto usp’ for most Of the 
children who took part in the present study were in the 6th 
and 7th grades. 

inne netirestseused 1 nethis study: ther child? ise confronted 
with four geometrical solids in the pre-test (a cube, a 
wholly oblique parallelepiped, a triangular prism, and a 
right circulerecone) and fours differentésolids®s in’ the post+ 
test (a rectangular prism, a star-shaped prism, a pyramid 
ands ar cy lind eT At eAss imt thelPiagetian: study." therchildidss 
given a drawing test and a multiple-choice test, as 
described above. For each body four different sections 
are presented (Section 4.6 and Appendices 2 and 3 ). Thus 


if the Piagetian predictions are valid, the children should 
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be able to correctly identify all the sections presented in 


thettests. 


3.1.2 Studies Based on the Work of Piaget and Inhelder 
Lovell (1959) and Dodwell (1963) both repeated 


Piaget's work, using similar sectioning tasks. They con- 
firmed the Piagetian conclusions that the child passes 
through successive levels of maturity in geometric space. 
However they both find that the age of attainment of the 
Piagetian stages is quite variable. They also find 

that maturity in Euclidean space is reached later than was 
expected by Piaget. This was confirmed by further experi- 
ments of Lovell (1965, 1971b). 

Rivoire (1961) conducted an investigation of the se- 
quential development of representational space. The child- 
ren in her study were from 4 years to 15 years of age. 
pivoite used a measuring instrument which contained 28 items. 
She considered four different spaces: projective, topologi- 
Cadeadrtrine and Euclidean: “For. each wf che wfour. catagories 
She used seven different items. 

The sequential development of the acquisition of space 
concepts was confirmed by Rivoire. The child begins to 
acquire the concepts at about 6 years of age, development 
continues until a plateau is reached at about 8 years. 
Further development takes place between 12 and 14 years, 
when the child reaches full geometrical maturity. She 


further maintains that even at the age of 14, not all child- 
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ren have reached full Euclidean maturity. This last 
Statement is at variance with the findings of Piaget and 
Inhelder. 

Boe (1966) also describes a series of tests based on 
those of Piaget. She also used a drawing and a multiple- 
choice test. The children were interviewed individually. 
Four solids were used by Boe: 

Rise aecube. 

[2je waavectanaular, DOs: 

oom 2a yiaht circular cylinder, 

Payee aint ci Culapecone. 

For each of the four solids she presented the following 
fourssections (Figure &) : 

(a) a longitudinal cut which was a perpendicular 

bisector thnough the major, axis , 

(b) a transverse cut which was perpendicular, but 
notsay Disector. through the major axis., 

(c) an oblique cut which transversed the solid 
figure oblique to the surface on which it 
rested, beginning and ending with the bounds 
orethe Vso 110. Figure, 

(d) ‘apayallel yeut which Wasewarallel, to the surs 
face on which the solid rested. 

(Boe, 1966) 

Boe found that the order of the solids listed above 
was the order of increasing difficulty, the cone being the 
most difficult. Of the sections the oblique cut was more 
difficult than the other three cuts. 

In this study, Boe tested 72 students: 24 students in 
gach sot grades, 8,10 and i2. Only 10 of her subjects 


scored a perfect score on one or other of the tests. These 
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rectangle triangle 


rectangle Square hyperbola 


rectangle ellipse rectangle ellipse 
~ A\ 
rectangle rectangle Square Giec. ie 
RIGHT RECTANGU- RIGHT CIRCU- CUBE ONE NAPPE OF A 
LAR PRISM LAR CYLINDER RIGHT CIRCULAR 
CONE 


Dashed lines indicate cuts hypothetically performed. Cor- 
rect response below each figure. 


Figure: s 


Sections for Boe's (1966) Tests 
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Students were distributed as follows: 


a) oustudentss un) drademor wile. 5s) 


— 
a 
WH 


4 students in grader 108( 16.72) , 

como. Students sin. ondadeuizn tales 9s). 
Not one of the students in Boe's sample responded correctly 
to both forms of the test. Thus she did not agree with 
Piaget and Inhelder (1963) that children should master all 
the sections by the age of 12. In addition Boe found that 
the children of high ability performed better in the tests 
tidiiwedid eniiaren ot lower abila ty. 

A variation of Boe's experiment was performed by 
Davas mul doo) eevivsestudents were in gredes 6, 8 and’ 10. 
He used the same solids and the same two methods of res- 
ponse (drawing and multiple-choice) as in Boe's experiment, 
but paid particular attention to the directions for the 
presentation of the tests. The children were tested in 
ShOUDs wom asx cand Not sIinNdiViauallv. Davis. introduced 
another element into his study. At the start of the ex- 
periment he gave the students an opportunity to acquaint 
themselves with the sectioning tasks. They looked at ir- 
regular solids made of styrofoam and cut the solids with 
a knife. After this period, the tests were administered. 

Davis found that there was some improvement in the 
scores between grades 6 and 8, but not between grades 8 
and 10. This finding is in agreement with that of Boe, 
that the success of the child in these tests seems to level 


out and remain constant between grades 8 and 12. However, 
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Davis's use of the pre-test session is open to criticism. 
This initial period can be interpreted as a training 
period for the test to be given later. 

The tests used by Boe were incorporated in the work 
of Bober (1973). He used the tests in conjunction with a 
training programme based on mathematics laboratory exper- 
ience in both Euclidean and projective geometry. The stu- 
dents in the study were in grades 7, 8 and 9. Bober used 
TOUr OF Ytne “solids "used by Boe "and Davis: sa cube, a rec- 
tangular*prirsm, “a right “circular” cylinder and one *nappe of 
aerrahtsctreular’cone®= “The tsecond*®and last solids “in the 
list were used in the pre-test. These bodies had been found 
by Boe to be the easiest and the most difficult for her 
Subjects. Bober also used a triangular prism and a parallel- 
epiped with no rectangular faces, in the pre-test. In the 
post-test Bober used the remaining two solids from Boe's 
hist Gaecube and wae rirant Ycivcular cylinder) together with 
a square-based pyramid and a star-shaped prism. The tests 
were administered to the class as a whole. 

In the present study, the same solids were used as 
in the work of Bober. However, one slight variation was 
made: the cube was used in the pre-test and the rectangu- 
Pare prism inthe post-test. The reason for this change 
was that the cube was one of the bodies studied in the unit 
"Making Rectangular Solids" (Kuper and Walter, 1978), on 
which this report is based. 


Bober studied the relationship between geometrical 
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maturity and geometrical experience. After the pre-test 
had been administered, the students were “exposed to 
mathematics laboratories rich in projective and Euclidean 
geometric experiences". Bober found that the students had 
not reached the Euclidean level of maturity. No student 
obtained a perfect score on the tests. In addition Bober 
examined the contention of Davis (1970) that it might be 
more reasonable to accept a score of 24 (75%) as the level 
required for Euclidean geometrical maturity. Even at this 
level however, the students had not reached the Euclidean 
level of maturity. He did find though that there was a 
Significant difference in the scores between those who had 
tne laboratory experience and those who did not. His find- 
ings concur with those of Boe and Davis, and clearly empha- 
Size the importance of experience. 

Drost (1977) analysed in depth the ability of students 
to visualize the sections of solids. He also investigated 
the relationship between this ability and achievement in 
geometry. His sample was 38 classes of students in grades 
5 to 10, and he tested 1004 ,.subjects.. The,.tests were ad- 
ministered to complete classes. Drost found that the abil- 
ity TOW islaLlize the sections..of «the. solids, depends on 
age and on the ability of the student: the higher-ability 
Students performed better than the lower-ability ones. He 
Laundsthat fonesdrades, 5 .sand 5 »ithe sectioning »Lests wene 
useful in predicting achievement in geometry. There was 


some evidence that they were useful in grades 7, but this 
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usefulness was only minimal in grades 9 and 10. 

In Drost's study, the present author's improvements in 
the tests (Chapter IV) were used. Drost also used the pres- 
ent author's protocols for administering the tests, her 
models, her record sheets and her multiple-choice booklets. 
The data obtained from the Edmonton part of the study were 
gathered by Drost and used by him. 

One novell feature orf Dnosts tstudy ie that he gives 
instructions how to interpret the drawing results (Dros t 
197755). 1219). Some of the drawings judged by this author 
to be squares were not considered squares by Drost. It 
was for this reason that the author relied on the drawings 
the children made of known shapes for comparison, and in 
addition, each drawing was compared with the corresponding 
choice in the multiple-choice test. These two tests were 
considered equivalent by Piaget. Thus in the experiment 
discussed in this report, greater variation of drawing was 
allowed than was in Drost's study. 

ine Var ilacrons. due to the ditriculty of amterpreting 
"borderline" drawings, point to the undesirability of 
testing whole classes of children at one time. In an indi- 
vidualized test, the tester can be quite sure that the 
child understands what is required of him and at the same 
time can ask the child to name the shape he is drawing, or 
ask other questions enabling the tester to ascertain the 


Eenii.d-s: 1nGentrons. 
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As has been pointed out, no clear details are available 
of Piaget's method of testing. Boe (1966) calculated the 
Pearson product-moment correlation coefficient to check the 
reliability of the two methods of response i.e., the drawing 
tests and multiple-choice tests. She found the value of 
cnise cuetrnerent. toebe’0755. "This 1S not a high enough 
figure to indicate reliability. 

The only other study which discussed the reliability 
Diamrnes tests was that, of Drost (977). He found that the 
Kuder-Richardson 20 coefficients for each of the two tests 
were 0.81 for the pre-test and 0.91 for the post-test 
Showing that each test was internally consistent. There 
was a correlation of 0.76 between the pre-test and the 
post-test. Drost also measured the correlations between 
the drawing and the multiple-choice responses for each of 
Diewsections,. Lhese correlations nance trom 0.1 to. 0.55 
with a mean of 0.30. 

Thus Drost supports Boe's contention that the two 
methods of response (drawing and multiple-choice) do not 
measure the same variable. 

Drost calculated the correlation coefficient between 
the two scores on the pre-test and obtained a value of 
0.69. For the corresponding results on the post-test the 
coefficient was 0.81. The correlation coefficient between 
the total score obtained by the child on the two drawing 


tests and the total score on the two multiple-choice tests 
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WassU.00. 6 Frome these figures Drostyconcludes that for 
a set of sectioning tasks the drawing and multiple- 
choice modes of response are comparable. This result 
agrees with Piaget and Inhelder's conclusions. 

The work reviewed above suggests that the sectioning 
tests have some value. In the present study, they are 
used to evaluate the geometrical maturity of the students. 
However, the author has some misgivings on the methods of 
presentation. These misgivings will be discussed in 
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Chapter IV 


The Problem 


4.1 The Purpose of the Study 


This work will investigate the effect on the geomet- 
Fical Makuruty OF students of studying a certain: unit. 

The unit is "Making Rectangular Solids" (Kuper and Walter, 
1978) described in section 4.5. It was designed to give 
children experience in manipulating and examining solid 
bodies before learning algorithms for calculating volume. 
The concept "Geometrical Maturity" is defined in section 
Ae ors 

Specifically an attempt will be made to answer the 
following question: 

Does the study of the unit "Making Rectangular Solids" 
Significantly affect the performance of sixth- and seventh 
grade children in a geometrical—maturity test? 

Two subsidiary questions will be investigated: 

(1) Did studying the unit have the same effect on the 
score in the geometrical-maturity test in Haifa, 
in Israel as in Edmonton, in Alberta? 

(2) Was there any correlation between the IQ of the 
subject and his scores in the geometrical- 


maturity test? 
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4.2 Definitions 
4.2.1 Sectioning Tests 

A geometrical solid is displayed to the student. He is 
asked to imagine a knife cutting through the solid in a 
specified direction from a specified position. In the draw- 
ing test, he is asked to draw the outline of the section 
which would be obtained by the cut. In the multiple-choice 
test, 7the studenteis ,asked to select the correct section 


hromea paroup, of, fave drawings s(ompto wmeject all five). 


4,.2.2+,Geometrical Maturity 
Among the sections used by Piaget and Inhelder (1963) 


in their studies were the longitudinal and transverse 
sections of the cylinder, the prism, the parallelepiped, 
the hollow sphere and the four sections of the cone (giving 
deuanang le. ca oinche, van ellipse and a parabola. -Piaget 
and Inhelder state that by the age of 12 years children 
Should have mastered these sections. 

LiatiGupnesentastuady...i Gijaechuidscan gidentiky compnect- 
Wied Winntchne, Lor Sections :in wthe pretestiaoy the post atest, 
we will describe him as being at a level of geometric 


maturity in Euclidean space. 


4.2.3 Geometrical-Maturity Test 
These are the sectioning tests described by Boe (1966) 


and are an adaptation of the tests described by Piaget and 


Inhelder (1963). The tests and the testing procedures are 
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473° ihewWesign-oT the Study 


HNeESStTUdY “Gons!sted OF Six estages. 
a her pilou~gudy C(Secunony 4. 7} 
b The pre-test (Section 4.6.1) 
d The post-test (Section 4.6.2) 


e Themachrewementetrestmt section 446.3) 


(a) 

(b) 

tC) GINemteadcimingwuntt ~oeeuron 425) 

(d) 

re) 

(Toernnahysoiseot the results venapter’ Vv). 

The sample used in the study is described in section 


4.4. 


4.3.1 Delimitations 

Te’ The, study? was delimited to the Dartteuyar een t 
described in section 4.5. 

2. The sample was taken from grades 6 and 7 only. 


3. The students were from five separate schools in 


Edmonton, Alberta, and from nine Schools in Haifa, Israel. 


The choice of schools in Haifa was restricted to the 
schools in which there were mathematics coordinators. 
These teachers had attended courses given by the author 
OT tis report asepart of their’ in-service training. “As 
there were more volunteers than were needed, the schools 
were chosen to give a balance in socio-economic backround 
of the students. 


4. The study was delimited to the particular solids 
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Used inane tests described tin section 4.6. 


Aeoace) Lab ita ons 

1. The study was dependent on the teachers teaching 
the material in the way intended by the author. The author 
was not present during the teaching in Edmonton, and there- 
fore has no knowledge of the way the material was taught. 
The situation was different in Haifa. The teachers were 
in constant contact with the experimenter, both at regular 
in-service training sessions and in personal discussions. 
Every class was visited at least twice during the teaching 
period. The children were not strangers to the experimenter, 
asacne testing» hadwall. been ‘carried, out, by her: 

However, in spite of these precautions there were 
inevitably differences in approach, as well as in the 
teaching style of the teachers. These differences might 
nave influenced the effectiveness of the material. 

2. It was recommended that the unit be taught in 
eight to ten lessons. In practice however the time varied 
between eight and fifteen lessons. Teachers differed in 
the amount of time they devoted to various sections. In 
some cases the children became involved in a particular 
problem and thus the time spent on that section was longer. 
For example, the experimenter was present at the Degania 
school when the children sorted the boxes into sets (Appen- 
dix.1, .page.139).. This. sorting was intended.to be one of 
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the children had worked on the problem, as a group activity, 
at the end of the preceding lesson. Each group had re- 
corded its method of sorting the boxes. It took the whole 
of the next period for each group in turn to demonstrate 

its classification, whilst the rest of the class guessed 

cone cvule TOY che classiT1Ccat tone 

oS. Vile *VablabDtTl tty ine teaching time in’ the different 
classes was a limitation of the study. One expects that 
teaching the material more slowly may have a bigger effect 
on the performance of the children in the tests. However 
the design of the study did not permit isolation of the 
time factor. The experimenter was not able to control 
this factor. In some cases the tnaterial was taught at a 
rate of five lessons a week for two weeks. At the other 
extreme it was also taught, at one lesson a week over ten 
to twelve weeks." lt "S not Yopv ious, "a prior which pres- 
entation will have the bigger effect. On the one hand, 
slower exposure to the material may give more time for the 
concepts to be assimilated. But on the other hand, the 
infrequent lessons are a break from routine which may be 
Peis. craculom: 

#.~ Some~ot “the work was “done tn groups -of ‘three or 
four children. This method of study has both advantages 
and disadvantages. The group discussions and interactions 
of the children must be balanced against the possibility 
that some children might be content to be passive, and thus 


not be influenced by the material. 
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9. There was no satisfactory way of ensuring that 
all the students had been equally exposed to the material. 
Subjects who were absent from one of the tests were 
removed from the sample. Students for whom no IQ score 
was available were also excluded. However the experimenter 
had no information on the attendance of the remaining 
children during the teaching period. 

6. The testing was performed on the class as a whole. 
The author does not consider this method of testing to be as 
reliable as anrinaividual test) Thais, point. Wsi:discussed 


more .fulsly—insChapterVI-. 


4.4 Composition of the Sample 
to wine Canadians sample 


The experiment was performed in Canada in the autumn 
of 1975 and the spring of 1976. The material, was-taught in 
three grade-7 classes in Edmonton. Forty-one children 
from these classes formed the experimental group. The 
mathematics-option class at the H.E. Bariault School (desig- 
nated Class R) was in the experimental group. The other 
classes in this group were Grade 7b from St Pius (Class S) 
And Grade /. tromest vincentsimmolass tf)... ihe distribution 
of students is shown in Table 9. 

The classes which acted as the control group in 
Edmonton were the remainder of the students in the seventh 
Gvadce at H.&. Bbarviault Senoo)];,1.e.. those not in othe math- 


ematics-optionncilasss (Class. X),vandsGrade./a.from St» Pius 
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Table 5 


DS tM DULIOM OT esUD ects 


SCHOOL GRADE ORE PD) on) DEG [eo 


Haifa: Experimental Group 


A Fichman 6 iy; 
B Gordon 6a Aaa 
C Degania 6 2] 
D Sprinzak 6b 18 
E Nirim 6a ifs) 
FP Shalva 6a 29 
G Tel Hai 6b 16 
H Israelia 6b 29 
P Romema 6b 36 

Tovar 204 


nara.» GOntEO BM GrouD 


I Romema 6a oS 
K Sprinzak 6a is 
L Nirim 6b Whe: 
M Shalva 6b 24 
N Tel Hai 6a Ee 
0 Israelia 6a 28 
Q Romema 6c 29 

Total 162 


Edmonton: Experimental Group 


R Haka Lbs walt /* 14 

S Stairs fas 13 

if St eVincents ih 14 
Total 4] 

Edmonton: Control Group 

X HIE S"Barrault 7* 20 

Y St Pres 7a 14 
Total oy! 


*Tne mathematics-option class formed the experi- 
mental group and the rest of grade-7 were the controls. 
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Ant eee rhe Israel] sSample 


The experiment was repeated in Haifa in Israel. It 
was started at the end of 1976, about one year after the 
start of the Edmonton experiment. This time lag was due 
LOeptnertdact that ail the material) had to be translated into 
Hebrew and printed again. As the material was to form 
Dae Onetne lsraeiNiinistry of Education s curriculum 
development project, a large sample of students was 
available. 

Haifa is a Mediterranean seaport built on the slopes 
of Mount Carmel. In general the more prosperous members 
of the community live on the upper slopes of the mountain, 
while the working-class areas are along the lower slopes 
of the mountain and in the bay-side areas to the north. 
Tue Jewish, POPUL ationsconsysts mainly of two cultural 
groups: the Ashkenazim, who originated in Europe and 
America, and the Sephardim, who reached Israel from the 
Muslim countries of North Africa and the Middle East. On 
the whole the Eastern Jews form the culturally-deprived 
section of the community. 

No Arab schools have been included in this sample. 
However a research student at the University of Haifa has 
translated the material into Arabic. A parallel study was 
performed by him in two Arab villages in the Galilee in 


the spring of 1978. 
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Nine sixth-grade classes (204 children) formed the 
experimental group. Another seven sixth-grade classes 
(162 children) formed the control group. The allocation 
of classes was made in one of two ways. In schools where 
there were two or three parallel classes, the selection 
was made at random. The classes not chosen to be in the 
experimental group formed the control group. However, 
after the end of the experiment these classes also studied 
the material, as it formed part of the sixth-year curric- 
ulum. 

The control class in the Gordon school was excluded 
from the final analysis. All the testing had been per- 
fPOriecd. put No LO scores were avallabie for this class. In 
two small schools (Fichman and Degania) there were no 
parallel grade-six classes to form the control group. 
However. there were three grade-six classes in the Romema 
school, two of them being in the control group. 

Of the nine schools which participated in the exper- 
inenc- in iadttas tour of them (Fichman.,.israelia, Tel Hai, 
and Romema) are situated on the upper slopes of Mount 
Carmel, and serve a predominately middle-class population. 
In two of these schools (Fichman and Tel Hai) mathematics 
issustalty caugntein. streamed. classes... ije., the classes 
are sub-divided for mathematics lessons into ability groups. 
In both these schools, the streaming was abandoned while 
the material in the unit was being taught. The class was 


treated as a single heterogeneous group. In both these 
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classes, the home-room teacher taught the material to her 
Glass. 

Two of the schools, Gordon and Degania, are situated 
in Kiriat Haim, a working-class suburb in the northern 
bayside area. WNirim school is in a working-class area 
close to the southern beach. Most of the population in 
this suburb are of Sephardic or Eastern Jewish origin. The 
SenOolmisechassified as "“culturakhy disadvantaged". . It 
participates in a programme of remedial education, for which 
it receives special government funds. The last two schools 
participating in tne experiment, Shalva and Sprinzak, are 
Situated on the lower slopes of the Carmel. This is an 


area of mixed middle-class and working-class populations. 


feone the Vieachings Unit 


The teaching unit used in the experiment was the 
booklet entitled "Making Rectangular Solids". It was 
written during a workshop at the Curriculum Centre of the 
Israel Ministry of Education and Culture in the summer of 
1974. It has been published in Hebrew as a set of work 
cards (Kuper and Walter, 1978). 

The unit is intended to serve as an introduction to 
the study of three-dimensional shapes and of volume. These 
concepts are introduced to the students through a series 
of "discovery" exercises and games. The unit guides the 
student through exercises in which he builds a set of rec- 


tangular prisms (boxes) from a restricted set of rectangles. 
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Throughout the work, the child is encouraged to look closely 
at his solids, to examine them and to play with them. He 
draws the boxes and compares them with both perspective 
drawings and with scaled drawings viewed from different 
angles. Some of the problems studied also introduce simple 
ComoinecoOric concepts... In’ parts of “the “unit ‘the students 
work individually, while in other parts they work in 


groups. 


Powe wescriptpon.of. the, Unit 


In the first lessons the students are given a number 
GCEevLoceseOn sOrinking: Straws. of lengths 3 cm, 5 cm, and 
8 cm. They are asked to find all the rectangles which can 
be built with these lengths as side lengths. Six rectan- 
gles are possible, of which three are squares. 

ecleeach GCoup son Ciikeeuor ourestudents areegiven 
about 15 rectangles of each of the six types (3 cm by 3 cm; 
Sey eo cli uo =m, DVecm Chia sci DY soactm:; 3 cme by Wi cm; 
bactispyes. Cm)... lhe students are asked to build all .possible 
distinct boxes from the cardboard rectangles. Ten different 
rectangular prisms can be made from these particular rectan- 
gles. Some of the students were able to generalize the 
problem to the case where n different lengths were spec- 
ified (Kuper and Walters, 1976). 

[a8as daffreurcetor’chiidren in thetsaxth orisieventh 
grade to calculate the number of boxes it is possible to 


make. The students have, therefore, to experiment and to 
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discuss the problem with others in the group, and each has 
LO Study carerully nis collection of boxes. 

At the end of the first section of the unit, the 
volume of the rectangular box is found by experiment (using 
centimetre cube blocks), by measurement, and finally - after 
the formula has been found - by calculation. 

In the second section of the unit (Appendix 1, p. 142) 
the interest is concentrated on one particular body: the 
cube. The student has to investigate the 12 pentomino 
shapes). He then has to sort the shapes into two classes: 
those which can be folded into open cubes and those which 
cannot. This classification is completed before the child 
checks his results by folding the cut-out shapes. This 
activity gives the student experience in visualizing the 
change from a two-dimensional shape to a three-dimensional 
one. 

In the third section (Appendix 1, p.146) the student 
builds an open cube and then studies it. He looks at it 
from different directions and angles, and compares his box 
with both full-size and scale drawings of the box. The 
problem of the number of ways the box could be coloured 


using five different colours was also investigated. 


Vy pentomino is a figure made from five congruent 
Squares. The squares are joined so that each square shares 
a whole side with its neighbor. If m squares are joined in 
this way to form a shape, the resulting shape is called an 
n-omino (Golomb, 1965). 


in a) 


a bf . } 
an = we faint Ro hie g My chad 
a ee at "aeed alts he vier | ent 

the! 
f L a, uit , 
‘aMhe a). tn so tvnned ad ak x | 


Ped 
‘ae i” 


h. 
ads - vient Ta cthemervasem | 


. i, oe . Saedetpts ud 
a ‘ ’ 1 ~_ 
(Spt <q , f wr bwean) anae st bat 
a Le ¥b 54) “fh ip 373% St 4 ne susbeeatbeia = on e * 
a i | eae puke . 


bathosnga Sh Ste sPeoi tz Le on eat sable ' 

, i fice Wrani ta! nett ig 
ente ale OOF OBA es gede wree ev rr edd eee 

j Wik Me See 


dati ana ie) Yano eoge Men t wabtat od 6d od Rh 
. Ls, Wok an) A oe oy 7 
bifid tah) eatee Bare fi #) natavarttées B) etaT 


f 
hit FOGRt Ss, Dyke de, Gt: yn PT a's yeni hi 


; FA F 
et west! j , iT o 1440 ~4 gabouda SC3 ev 
bi hey~ gaged dy (neste (.cutpetetth-ow? os” 


Savbose $42 LAT n ®t aa wate ast (bibs 

' 9? 45 abort yt. ae nelle te igs neta? shis ni a 
EY : yay ae 

sO 47TH Sate +2 i Ear oares 3 ri 


Ny 
sie .t08 BG1 16 Ber ty ia hid ebtent Hat 


la 


‘ os a — 


“| nia 
pnio>: gvtt neath re: 
4 ps y is 2) ? tent he 
vey “na bute ar Se Pay 92 Ay * re 
a bet ie af Lo 


oe Ne oe 
if al Cite % ae | 
7 Pai) 


igs 
} 5 
t Uy 7 
7 F A n 


: 7p: Fry, . y 


67 


Ine the, Jasts section. (Appendix 1, p.148), the student 
finds the relationship between the length of the side of 
the face diagonal and of the main body diagonal of the 
cube. He has to find the diagonal of the base and the 
main body diagonal by experiment. (The question asked for 
Di Suaias taicasie, ise. What is the JVongest stick which will 
Hs eos iLvomrne box... ..)) slnwacdi trom: ne. fas, to find) the 
relationship between these lines and the largest rectangle 
which can fit into the cube. The number of ways the rec- 
tangle can fit into the cube is also explored. 

All these exercises are designed to give the child 
experience in visualizing and looking at special lines and 
planes in space. The problems involving the longest lines 
and rectangles are also intuitive solutions of a maximum 
problema) it as wnusdal-fon students to meet this. type of 
problem before studying calculus in the senior high school 
OVE Hayet Nie; navies inby . 

As an additional exercise, the students in Canada 
bul | wgehe~ fringe ePhatoni cso lids: g.the megulan tetrahedron, 
hexahedron (cube), octahedron, icosahedron, and dodecahedron. 
This material was not included in the Haifa experiment. It 
is being included in other units in preparation by the 
curriculum centre, which deal with regular and irregular 
501 idsie iWnepanthen har withthe :Platonicesol.ids wi th, prisms 


and with pyramids. 
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4.6 The Measuring Instrument 


Two types of tests were administered to the students: 
the geometrical-maturity tests and an achievement test. 
However, difficulties were experienced in the administration 
of the achievement test, and it was not used in the final 


analysis of the results. 


4.6.1 The Geometrical—Maturity Tests 


The geometrical-maturity test in the form used in this 
experiment was developed by Boe (1966) and adapted by Bober 
(1973). Further work on this test has been studied by 
hao 5 a ,je/)) amines e.s tudes sanendeseribed in whapter 3. 
The tests are all based on the sectioning of solid figures 
described by Piaget and Inhelder (1963). 

AasSOkidens exhibiteds,to «the»child., ‘He..is.asked .to 
predict and draw the shape of the plane figure obtained by 
cutting the solid as indicated by the tester. A selection 
of four solids is presented in the pre-test. 

After the drawing test has been completed, the same 
fOUF SOlids are presentedvin agdifigerent (nandom).,.ogder. 
For eachot the cuts, theachiiduisvasked.touchoase one of 
five drawings in a multiple-choice test (or, as a sixth 
option, to reject all five drawings). 

The post-test is administered in the same way as the 
pre-test, but uses a new set of four solids, none of which 


was used in the pre-test. 
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AnD.ic) wlne Geometrical~Maturity Test: Pre-test 


First the procedure is demonstrated to the class. The 
demonstration models are prepared so that they can be sepa- 
rated along the plane of the cut. The tester demonstrates 
the path of the knife through the solid and asks the 
students to predict the shape of the plane surface formed 
when the model is opened. Having seen the separated solid 
and agreed on the shape obtained, the students draw the 
Shape. This procedure ensures that the student knows what 
is expected of them. In addition it provides four drawings 
by each student of shapes known both to the students and to 
the tester. These drawings are helpful when interpreting 
the drawings made in the test itself. The protocol for the 
administration of the pre-test is given in Appendix 6. 

The solids used in the preparatory (demonstration) 
Stage are a sphere and an octahedron. They provide tne 
ROMO WNGaCUtS: \tRig: 9°): 

(a) A circle - the sphere cut through the centre. 

(b) A square - the octahedron cut through the 

edges, so that two congruent square- 
based pyramids were obtained. 
(c) A whombus - the octahedron cut from vertex to 
Vieure x. 

(djeeeAnkdite - the octahedron cut from the centre of 
one edge to a point about 1/4 of the 
side length from the neighbouring 


vertex (diagonal cut). 
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olid Section 

A sphere A circle 
ah 4) 

An octahedron A square 

An octahedron A rhombus 


a 


a 


An octahedron A kite 


Figure 9 


The Demonstration Solids and Sections 
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The test solids are then shown to the students. For 
€ach of the four solids in the pre-test, there are four 
different sections, i.e. sixteen items in all. The order 
in which the cuts are presented was first randomized and 
tnen presented without change. The same order was used in 
all the classes tested. When not in use the solids are 
Kepurcuc ot STghit. So that. only one solid) is. Visible at a 
Diiiemwusbie directions of the cutyeand the positions of 
entry and exit of the knife, are carefully demonstrated. 
ine wrsolid 1s held so that its basevis parallel to the 
Proom andythe axis vertical. 

The models used in the pre-test are: 

(a) a cube, 

(b) a triangular prism, 

(c) a parallelepiped whose faces were all non-rectan- 

gular parallelograms, and 

Wd jevea cone, 

The directions of the cuts were: 

(a) Longitudinal A - through the centre of the solid, 
perpendicular both to the floor 
and to. ther bodysof™the tester, 

(b) Longitudinal B - through the centre of the tov baited 


perpendicular to the floor and 


barallel= to the body of the test- 


er, 
(c) Transverse - through the centre of the body 


and parallel to the floor, 
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(d) Oblique - from the top right of the solid 
Lomtne=bottom left. of -1t. 

iMiemontysexception to this classification isein the case 
Omrenercuc Longitudinal 8, for the cone.. This cut is 
fede paratlel to the axis of sthescone but to one side of it. 
This change was also made by Bober (1973) and Drost (1977). 
The correct appearance of the cuts, together with a diagram 
showing the method of cutting, is shown in Figures 10 and 
ile. 

The drawings are collected from the students and the 
Second, section of the test 1s presented. For each cut the 
child is shown five drawings. He can choose one of the 
drawings as being the correct representation of the cut or 
indicate tnat none of the drawings is appropriate. The 
drawings, with one modification, are taken from those used 
by Boe (1966) and Bober (1973). 

The order of presentation of the cuts is shown in 
Figures 10 and 11. The drawings given to the students in 
the multiple-choice test are shown in Appendix II. In 
Edmonton the student was given a replica of the pages 
Sjovnmean Appendix, <2. He had to cirche theletter conre- 
sponding to the drawing he thought appropriate or write F 
(None of the drawings were appropriate). In Haifa each set 
of five drawings formed one page of a booklet. The same 
booklets were used in every class. The students recorded 
tnein responses by carcling the appropriate letter on an 


answer sheet. A copy of this sheet with an English trans- 
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Description Drawing 
Cube: & 


Longitudinal A 


Cube: eZ 
Longitudinal B 


Gu.be.: 8 
Transverse 


Cube: 14 
Oblique 
Prism: 15 


Longitudinal A 


PbS: 2 
Longitudinal B 


Prism: 5 
Transverse 


Preis: 9 
Oblique 


Multiple 
Choice 


8 


1s 


Figure 10 
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Order of Presentation and Drawings 


of the Sections 


in the Pre-test 


Description 


Parallelepiped: 


Longitudinal A 


Parallelepiped: 


Longitudinal B 


Parallelepiped: 


Transverse 


Parallelepiped: 


Oblique 


Cone: 
Longitudinal A 


Cone: 
Longitudinal B 


Cone: 
Transverse 


Cone: 
Oblique 
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Drawing Multiple Direction Shape of 


Choice of Section Dee CLO 
ge eS 
6 7 
13 3 
10 t2 
7 6 
16 10 
ia} 2 
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Figure 11 


Order of Presentation and Drawings 


of the Sections in the Pre-test (continued) 
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tetron4is—included in-Appendix IV. 
The drawings are scored as follows: 
mora correct Dee ones’ ite 
Foren Incorrect response. 0% 
Thertscornessformsall the tests, pre-tests, post-tests 
and achievement tests are recorded on a record sheet, as 


Shown in Appendix 5. 


f-O59 the Geometrival-Maturity Test:  Post-test 

The procedures of the post-test are identical to those 
of the pre-test. The same format for scoring is used. The 
protocol for administering the test is given in Appendix 7. 

The solids used in the post-test were: 

(a) a rectangular parallelepiped, 
(b) a cylinder 
(c) a star-shaped prism, and 
(d) a square-based pyramid. 
The order of the cuts, both for the drawing test and the 
multiple-choice test, as well as the drawings and the di- 
rections. of the cuts vin their order of presentation, are 
shown in Figures 12 and 13. The drawings used for the 
multiple-choice test are shown in Appendix 3. 

When checking the drawings each drawing is examined 
and the result recorded. After the results are sorted, 
the corresponding response in the drawing test is compared 


with that of the multiple-choice test. Wherever there is 


an inconsistency between the two results, the drawings are 
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Description Drawing Multiple Direction 
Choice of Section 
Rectangular box: 2 3) 


Shape of 
Section 


Longitudinal A | Ee 
{ 


Rectangular box: 7 16 
Longitudinal B 


Rectangular box: 14 10 
Transverse 


Rectangular box: 16 3 
Oblique 
Cylinder: 14 ge 


Longitudinal A 
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Cylinder: 
Longitudinal B 


Cylinder: ] ies 
Transverse 


Cylinder: 5) ri 
Oblique 
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Description 
Stare 
Longitudinal A 


Star: 
Longitudinal B 


Star: 
Transverse 


SbaTs 
Oblique 


Square pyramid: 


Longitudinal A 


Square pyramid: 


Longitudinal B 


Square pyramid: 


Transverse 


Square pyramid: 


Oblique 
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Drawing Multiple Direction Shape of 
Choice OTN SeGcuion. Sectvon 


dS 4 


3 9 

6 14 

9 8 
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eS 6 
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Figure 13 


rder of Presentation and Drawings 


of the Sections in the Post-test (continued) 
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reexamined to check against possible misinterpretation. 
iMesreliabnlity and validity of the tests are discussed in 


Chapter «LiL: 


4.6.4 The Achievement Test 

This test was given within a month after the post-test 
described above. The tests were not identical in Haifa 
and in Edmonton. The changes introduced in the Haifa 
achievement test were necessitated by the fact that the 
material was being tested for the Curriculum Centre of the 
Ministry of Education. Many of the questions included in 
the tests were designed to test if the material had been 
learned to a satisfactory level. TheSe questions were 
directly concerned with recall of material in the unit. 

Two of the control classes were given this test. 
After the test they began to study the unit. However, in 
the other control classes, the teachers began to use the 
unit after the administration of the post-test described 
TORSECEIONp40. 3 oe Diltare fomeethe adminis trationvot the 
achievement test. These tests were therefore not included 
Uiecne final analysis. The tests themselves are included 


in Appendices 8 and 9. 


a4 na bes Pal Ot sSTudy 


A pilot study was conducted in Edmonton in April and 
May of 1975. The purpose of the pilot study was to see if 


the material needed refinement and to test the method of 
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applying the tests. 

Two classes were used: a grade-six class from the 
Talmud Torah school, and a grade-six class from the West 
Edmonton Christian School. Both these schools are private 
denominational schools, and most of the children attending 
them are from middle-class backgrounds. The author taught 
the unit at the Talmud Torah School, while the class teach- 
er taught the material at the West Edmonton Christian 
School. The testing was conducted in both schools by the 
author of this report. 

The unit was taught in the Talmud Torah School for 
three periods of an hour each week for three weeks. The 
teaching at the West Edmonton Christian School lasted about 
a month. Tne pre-test, the post-test and an achievement 
test were administered. As a result of the pilot study 
some changes were made in the material and the tests. 

After the material was translated into Hebrew, the 
material was tested in a further pilot study in six schools 
in Haifa in May and June 1976. Only the achievement test 


was given on this occasion. 


4.7.1 Improvements in the Unit 


The only major change made in the unit in the light of 
the pilot study in Edmonton was the decision to use unit 
blocks (or Cuisenaire rods) for measuring volume. It had 
originally been anticipated that the child would be free to 


choose any suitable solid material (sand, beans, etc.) for 
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comparing the volumes. However, the use of blocks, whose 
edge lengths were whole numbers of centimeters, proved an 
efficient method of introducing the algorithm for measuring 
volume. Indeed, the use of the blocks enabled many of the 
children to discover the algorithm for themselves. 

In Israel an additional page was added clarifying the 
meaniWgs sof the terms: edge, side, facevand vertex. One 
other precaution was taken in the light of experience in 
the pilot study in Israel. The cardboard rectangles were 
Sieoinicd by the workshop of the Curriculum Centre in 
Jerusalem. On his own initiative the technician supplied 
each type of rectangle cut from a different coloured card. 
At one in-service training period, it was discovered that 
each type of rectangle having its own characteristic colour 
completely frustrated the purpose of the first section of 
the unit. instead of deciding whether every different type 
of rectangle had been used for building the boxes, the 
students looked for boxes by the colours of the faces, and 
Mano nets neaditferencesain size. Thus; Jt. 1s.imporfant to 
ensure that all the rectangles are made from card of the 
Same colour. 

In order to minimize the amount of time spent in build- 
ing boxes, the exercise on page 25 of the Unit (Appendix I, 
berae was. moditied.., In order to, find the number,of ci f- 
ferent ways an open cube could be coloured using five 
different colours, the child was provided with a duplicated 


page containing at least forty nets of the open cube, as in 
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the diagram below (Fig. 14). 


Figure 14 


Net of Open Box 


The students coloured these diagrams and not tne boxes. 
However a set of 30 boxes showing all possible arrangements 


was available when the class discussed the problem. 


4.7/7.2 Improvements in the Tests: The Sectioning Tests 


The sectioning tests were used as shown in Bober (1973). 
In the light of experience gained in the pilot study, the 
protocols provided for the tester were clarified. In 
particular, the method of holding the solid during the 
demonstration of the cuts was carefully described. In the 
pilot study the multiple-choice test of Bober was used. 
Afterwards some changes were made in the distractors. 

Bober had based his work on the study of Boe (1966). 
The distractors were taken from the incorrect drawings of 
children from first to twelfth grade. In the present study 


the distractors were redrawn to scale. The only other 
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change of substance was in the drawings for the oblique cut 
Dieeitce err anguildare prism (Appendix “2; Ds loo, Wo. 5)<* Tt 
Was observed that for this section children quite often 
drew an equilateral triangle. However, in the multiple- 
choice test, Bober presented only one triangle, namely the 
correct iscoceles, but not equilateral, triangle. 

Thus in the final version of the multiple-choice test 
two triangles were included for the oblique cut of the 
triangular prism: an equilateral triangle and an iscoceles, 


but not equilateral, triangle. 


4./,3 Improvements in the Tests; The Achievement Test 


The version of the achievement test used in the pilot 
Scudyeuroved too’ long and dilistcult. The achievement test 
as finally used in Edmonton is shown in Appendix 9. The 
rejected questions are shown at the end of this test. 

The. teste despaoned for the? Hatta PTlrot Study Was ditt er- 


ent from tnat used in Edmonton. As the material was being 


evdludted for the Ministry of Education's Curriculum Develop- 


ment centre, the test used in Edmonton was not suitable. An 


English translation of the Haifa test is shown in Appendix 8. 
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4.8 Tne Teachers and the Teaching of the Unit 


After a short training period, the teachers in Canada 
were left mainly on their own. However, they did receive 
a teacher's guide which was detailed and comprehensive 
(Appendix 10). As no visits were made to the classroom 
while the unit was being taught, no comment can be made on 
the methods of teaching used. It was stated by the super- 
visor of the experiment that the instructions left in 
Edmonton by the author were followed reasonably well. 
However there is no complete assurance that this was so. 

In Haifa, the teachers taking part in the experiment 
were all trained mathematics coordinators. They normally 
taught methematics to the class participating in the exper- 
iment. The exceptions occurred where mathematics was taught 
in streamed-ability groups. The streaming was temporarily 
Suspended, so that all the classes in Haifa were hetero- 
geneous. The teachers taking part in the experiemt were 
given detailed in-service training. Regular visits were 
INade to see the class at work. 

The pupils were tested about one month before starting 
the unit. In Haifa they were tested by the author, and in 
Edmonton by a research student at the University of Alberta. 
In all but one of the schools, the work was completed in 
eignt to twelve lessons spread over six to twelve weeks. 
The exception was at the Sprinzak School in Haifa, where 
most of the material was taught in the course of two weeks 


in May. 


% ig les ay onli oe ‘eit 
wu avy a0 ive it fei ' 
we Salar sepualy ait 2 
tentatnay. 02 hs it saw. ae 
am aii od wes ina ne 6> oa shoumy ; 
onus aie ud OTE aia ane ‘T ae unipee ah) oF 


fom, vl pa re awo' toy, oh, 100A, vant 
2 » a ea sen gone ire 26, efofano. am 2 ork oF vena 


4 Fis 
nomtyeqxa ol, 1 60 paras + \etenp wed wad tae 
| i | 4 alk 
—(@qnd ‘S00 en hingt>? 35a 2a5/2 eA) .o)) t pbeeton sig vee 
? | ; i kat 
tdpusd 28 2917 @aensam Stann bo Tae 2H yi tqoans. ant je tom st 
(Prisvoonee gh galeasrtz. ent) -2oue yy tite orm fi 
iow deatneane ofr, at) Syed Sean ae 4, + suenmn 
844 tte: afayer ele és phan a $9b 6 aah 
HIG Boy 28 aia) us 7 a 
inode. #70 et nom. 500 tuoen bese view. 2] zt taug, 9 “Ty a 
_ nf bai 462 1 ene YG t 7, 2 Ment oi an) yal a 
ith « TOY is ‘as | ait. fS fr 
Sadia to uate yavtnl sft. vs a abut Mae 18 j aod 93 
iy pr xX 
aa » a yo rr 4 sa Tk on 
‘pe beostqn 22 Ld, 10H of? + yeh pina . ae tt . 
. of Taw? of 90) 
orem ah a) - ye “ey ane? ‘. ry Oe: 
‘ ic of y 7; ; in j a "a 
|) sian i wt i i Se eau molsges 


i at 


i a» sara 


in Pol > 
if " ; " i] : 1 


All the children in Haifa had studied area, but had 
not learned volume. There was no information reported to 
tiesaucnor on the method of ,inscaeuction: in Edmonton,. but 


has been assumed that it was similar to that in Haifa. 
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Chapter V 


Analysis of the Data 


In this chapter the experimental data are examined. 
Inpeecadon Selaethemconposit ioneeot Ghee esanple vis’ discussed. 
Wer meahtaQascoretoreeach clasts stelfis ted) and: exatiined 
Fore normadag ty: 

PnISection Se2yeitne datavlof hehe wWarious tests ‘are 
analysed. The pre-tests are examined for normality and 
ANOVA is calculated for each of the Haifa and Edmonton sam- 
ples, as well as the two groups treated as a single en- 
tity. For the post-test the ANOVA is calculated between 
tiesexperimental andecomirol) gious , tforeharkfia and for 
Edmonton separately. Section 5.2.1] deals with the drawing 
Ces teeuoectionss-2.i2 with the multiple-choice tests, and 
SeECl1 ONO. Zeer withhon estowad isicores.. 

theicorrelations of a0 score with the stestcsicores 1s 
discussed in Section 5.3. The level of geometrical matur- 
ifvats, discussed inpeecitiion o.4 1 reinaity “rn oection S55 


the questions posed in Chapter IV will be discussed. 


Sean Descraptaonmor Nivel Sample 


Seventeen grade-6 classes in Haifa and five grade-/ 
classes in Edmonton participated in the experiment. There 
were 676 children distributed as follows: 


(1) 283 in the experimental group in Haifa, 
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(2) 252-in the controlwanoup in Haifa’, 

(3) 68 in the experimental group in Edmonton, 

(4) /31n, the scontrolpaqroup: invedmonton. 
However the final sample used in the analysis of the data 
was much smaller. Some subjects were eliminated because 
they were absent fromone or other of the tests. Others 
were eliminated because IQ scores were not available. In 
Haltayronescomplete control "class (at the Gordon.,school } 
was eliminated for this latter reason. The composition of 
the residual sample was: 

(iieecO4s inetne sexperimentad group in. Hai fia’, 

(2) ieelo2 el net iencome aol eCroupeine Haditha 

(533) 4] in the experimental group in Edmonton, 

(4) s45in the controleaqroupmin Edmonton. 
a total of 441 subjects. The distribution of the students 
is shown in Table 6. 

The average age of the students in Israel was 1] years, 
6.4 months, with a standard deviation of 3.9 months. In 
Edmonton the corresponding figures were 12 years 4.1 months, 
and 6.0 months. The Haifa children were in grade 6, those 
in Edmonton were in grade 7. For this reason the final 
results were analyzed as two parallel experiments rather 
than pooled as one single experiment. 

The mean IQ for each class is also shown in Table 6. 
The test used in Edmonton is a Lorge-Thorndike Intelligence 
Test, administered by the school authorities. The results 


are quoted in percentiles. The "Milta" test, used in 
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Table 6 


UEStriDuUL TON.) Ot es Up jec Ustand a1. 0 


SCHOOL GRADE NOze ORVSUBWEC. GS MEAN IQ Ser 
Haifa: Experimental Group 
A Fichman 6 Vi 110.6 Cre 
B Gordon 6a 23 104.6 LO6 
C Degania 6 ZA Oe 14.6 
D Sprinzak 6b 18 HOLS O'F2 
is Nirin 6a iS 96.9 Oe? 
F Shalva 6a 29 1074.0 1:2en6 
G Tel Hai 6b 16 POT aa eel 
H Israelia 6b 29 1k 5.233 8-22 
P Romema 6b 36 lesa: WO eee 
Total 204 Oe thibees: 
natfa:..Gontrol Group 
I Rometia 6a 33 Wiltaied Oe 
K Sprinzak 6a ks 98.8 leleeo 
lb Nirim 6b 1s: 100.9 bo s2] 
M Snalva 6b 24 Oe, ize, 
N he lela 6a Ze bi lee@ bd heh 
0 Tsraelia 6a 28 TOS oil 
Q Romena 6c 29 hel 3 7 23 
Total 162 108.4 eee 
Edmonton: Experimental Group (Percentiles) 
R Hee Carita uit 7* 14 70°59 250 
S St .P.7 us 7b 3 AQ as 19.0 
T St Vincents 7 14 : ayo Brake, Shed 
Total 4] 5a. Hay res 
Edmonton: Control Group 
X eubien Bddel au lt 7* 20 Glial 25.9 
Z 8 ee oe VES 7a 14 44.2 20G 
Total 34 54.1 2126 


*See footnote Table 5. 
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Israel, is similar in content to the Lorge-Thorndike test. 
This test is standardized to give an average score of 100 
in Israel as a whole. However the mean performance in 
Haifa is usually higher than the national average, as is 
reflected in the mean score of 107.5 for the experimental 
cMoupedncmloo4. ror the Control :roup in this, report... In 
Edmonton the mean percentile figures were 58.1 for the 
experimental groups and 54.1 for the control group. 

The four groups (experimental and control in Haifa, 
and experimental and control in Edmonton) were treated 
tiaependently.  Phe,.distribution of «the IQ,scores in each 
group=was—testedsror normality of error distribution. 
Splitting the errors into four cells yields the frequencies 
Shown in Table 7. In every case the value of a Lowe 
p = 0.05 and 3 degrees of freedom-is less than the critical 
VeNUeTO te ot anus. the mull hypothesis ofenormality of 
distribution OEE Oucsenliss NOL Vegecteds tine... tne 20)-Sican 


be considered as normally distributed. 


He. sAnalys fst Of “Data 


The drawings and the responses to the multiple-choice 
test were scored asefollows: 1 for avcorrect response and 
0 for an incorrect or missing response. The scores were 
sorted so that it was possible to compare at a glance the 
response for a particular section in the drawing test with 
the corresponding response in the multiple-choice test. If 


thestwo. scores weresdifferent, the drawing for that partic- 
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Dhesquant wiesyare,+ 0.6/456,,where co is the 
square root of the pool,variance. 
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ular section was checked to ascertain if it had been 
ricerpreted, incorrectly ss hhusmit ohne rahiid: chose a. square 
in a multiple-choice selection, and the corresponding 
drawing was nearly, but not quite, a square, the drawing 
was taken to be a square. 

The maximum score in the drawing and multiple-choice 
LestSewasslG2points, Making ja total of 324for each+of the 
pre- and post-tests. However all scores given in the 
following analysis are recorded as a percentage. The mean 
mark and its standard deviation for each class and for 
each test, as well as the gain score between pre-test and 
post-test, are shown in Tables 8 to 10. The results for 
each of these tests and for each group are summarized in 


fap be xl 1. 


tece) whe brawing Test 


The mean value of the scores for the drawing pre-test 
foretne Haifa experimental group was 55.2;.and for the 
Haifa control group was 55.1 (Table 8). The corresponding 
scores in Edmonton were 53.2 and 53.9 respectively. Anal- 
ysis of variance between these four groups (Table 12) gave 
ana valiec Of 0; iy (pable tc). Ine critical value of 
ecw or), po Ue Oom alo coc. Ihus une nul) nypotnes is 
that there is no difference between the four groups, cannot 
be rejected. Nor is there any significant difference bet- 
ween the results in tne drawing pre-test of the two Haifa 


groups nor the two Edmonton groups. In other words the 
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Table 8 


Results of Drawing Test 


Class Number of Pre-test Post-test Gain Score 
Students Mean Sue Mean SaDz Mean Sep: 


Haifa: Experimental Group 


A bv. 64.0 Oe 6 jes 2 53.0 Sia ORS 
B a3 eid GSE GC 69.8 TG. 7, TS 2 20.6 
C Z| 47.9 baa 0 83.0 6..4 353.4 Tene 
D 18 39.9 tS 60.04 19.2 20K) 20%.5 
i 145 BOF 2 19.8 PG Ar 4 T4956 19.7 
F 29 ei oy nae, A0n 4 74.6 20"..0 Tekes G8 
G 16 60:. | Te5y. 7, 78.9 11.9 Ver.4 H6t.:3 
H 29 Gi24,7 ZO 2 ite, 4 Wee 4 14.7 eal 
P 36 el VASES $0'..6 16:..6 19.4 1 ot 
Total 204 shale plies USS 18.6 4S .-5 is ete: 
podem CONLEO! Group 

i 3 Sos. 6 1x33 72.6 one. 0 143.5 Pont 
K ls 39.9 pes.9 Asi / lave. 4 aheps: eu. 0 
L; 13 AAs, 2 16.0 bie. Z 17.6 30 News 
M 24 42.4 ios. 4 49.2 1953-1 70 14.4 
N 22 6:32..6 Tes 80.4 es Le. & 137.59 
0 28 Ore. 30) 19.6 198. 2 Achat Tz.3 6p. 2 
Q 29 STAG 223 ORES 14756 fe |) Rte: Ze Apps 
Total 162 oho mt 2025 697..2 Calaeth lest Lidased, 
Edmonton: Experimental Group 

R 14 60m 7 tee Lae, | 19.7 133.4 Tees 
S 13 49.5 14.8 Tele. 6 12.9 (ae 4ec1 
r 14 49.1 29.1] Aiec0 23.0 (ee) LZe9 
Total 4] niet per Cale cio 19.1 1.9 ul Vaored 
Edmonton: Control Group 

X 20 bal 3 19.4 70-0 226.6 Lees 149 
Z 14 Bife0 2229 70..5 17.4 Lind 246 
Total 34 53.9 20 AOR 207.0 libea 19.7 


All scores are given as percentages. 
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Table 9 


Results of Multiple-Choice Test 


Class Number of e366 sit PO Stest 6 Sit 
Students Mean Saks Mean Sac); 
Haifa: Experimental Group 
A 1-7 63.6 hoces 725 Wir 
B 23 5b ao Tb a3 O22 19.4 
‘% Za ayenne| MGs teeh// 73° 8 1452 
D 18 op ge ZOr™ aponaie) 23% 3 
E 15 45.8 1574 55.38 Wiz 0 
s 29 64.0 ifeis Oy fad rae 
G 16 69.5 1B ay 7 OF] 17280 
H 29 66.8 19.0 74.4 ibehensy 
P 36 Hn bape 15% 76.6 15°.9 
rota-| 204 Giles ieee ae GiSih RS ey) 
atscdea seontro | Group 
I 33 58a0 19241 706 2 leie 
K 13 48.6 4 el 41.8 20.9 
U hes} Ab 20.8 By 42 1 , 4] 
M 24 52.29 isa!) 40.4 Ay <a 
N Ze Goi ia 75 «0 15 a2 
0 28 68.8 jHawer st Tha 3 13.8 
Q =) 65.485 18.46 Tb te Sipser: 
Total 162 5900 Gorse 645 Leo 
Edmonton: Experimental Group 
R 14 67.9 VPage 65.6 i>es0 
S ies) O72 Ipoyeet Gia aoe, 
Ag 14 59.4 T2.4 6.27.19 luca cute: 
Total 4] Go a2 13 e/ O370 S39 
Edmonton: Control Group 
X 20 65.9 12759 sis aie. ay 
fe 14 oD fad | oh 60.3 20.9 
cul Ota, | 34 G7 aD Noyes: 58.8 (Wisteas! 


All scores are given as percentages. 
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Results of the Total Score 
(Drawing Test and Multiple Choice) 


lass Number of Pre-test Post-test Gain Score 
Students Mean S208 Mean Sz. Mean SiZD* 


Haifa: Experimental Group 


A 17 63 46 1oa6 1363 1543 9.6 E436 
B a3 otek i} LSC 66.0 Libis TO .7. L3ez2 
C 2 | sys [a fe heen? L324 8.8 26.9 F623 
D 18 A>85 23544 5/% 8 20.9 h238 16 
E 5 A725 6 54.8 ERS) 25 Livi 
F 29 60.1] Long J \e2 19.9 ae 1422 
G 16 615540 14.3 £943 ee 5 3 oes! 
H 29 64.9 18.9 75.9 hs Tei..0 1i2e3 
P 36 yoy Fi 165.4 iSe7 Lbe 7: 2S 1627 
Tota] 204 Sees S 18.6 Te ib ists: Oa Shas} T6243 
lagtasescontrol Group 

I 3.5 59.1 6c ei 4 2S an ipahe (e 
K ies) Aa 528) 43.8 1064 -0.5 20 Se 
L 13 44.7 lO B42 64r3 eRe lees 
M 24 cy 13569 44.9 1] 544 27 leee2 
N 22 63.5 KOeZ a Wi) Teo yac2 L220 
0 28 67.9 hows Vf by) eyes) 9.5 14.4 
Q 29 61.6 19.8 7724 1376 io. 7 Teoee2 
Total 1612 oH brsi 6) 7ens ov0 Jagd rpg 9.4 16.4 


Edmonton: Experimental Group 


R 14 64,3 12256 69.9 20 5:6 123.0 
S Te 56.0 T4e50 67.1 Wee Taken bees 
in 14 BaR2 iesy 5 66.57 Zo. 2a 8.8 
Total 4] 5G AZ 1524 67.9 Lene 9.7 10s 
Edmonton: Control Group 

X 20 53.6 13.9 63.9 lees 5.3 1 Ste2 
Z 14 57 AO a4 65. 4 yes Thee: Lae 5 
Total 34 58.2 lots) 64.5 LWai6 6.3 ha 45 


All scores are given as percentages. 
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Table 11 


Summary of Results 


Drawing Pre-test 
Drawing Post-test 
Multiple Choice 


Pre-test 


Multiple Choice 
Post-test 


Total score 
Pre-test 


Hotel »Score 
Post-test 


Gain Score 
Drawing 


Gain Score 
Multiple Choice 


Gain Score 
Total 
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All scores are given as percentages. 
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Table 12 


Analysis of Variance: Drawing Pre-test 


Source df SS MS F-Ratio 


APIS foursgroups 
Between 3 2) AWA 90 
Within A3i7 4864.14 lele cals 


Uz Ly, 
Haifa: Experimental-Control 
Between ] a fall Oeels/ 
Within 364 4025.86 BUCOG 
Pat ey 
0502 
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04072 
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initial performance of all four groups was equivalent. 
(Ferguson, 1959) 

The distributions of the drawing pre-test scores were 
tested for normality. The results of this examination are 
Gecerded in lable V3. Ihe null) hypotnests that the errors 
are normally distributed is not rejected. The value of se 
for p = 0.05 and 3 degrees of freedom required for reject- 
TON Of the null hypothesiis is) greater. than 7.81. All the 
values calculated for <i in Table 13 are less than this 
eee wiemenore 1b can pevassumed that at the stant jor 
the experiment, all the groups were normally distributed 
with respect to their performance on the drawing test. 

In the post-tests the mean score for every group was 
higher than in the pre-test. The values in Haifa were 
73.8 for the experimental group and 69.2 for the control 
group. The corresponding figures in Edmonton were 72.3 
and 70.2 respectively. 

Table 14 shows the analysis of variance between pre- 
best yana post-test. eln Haifa wa, value of Ff =.4.495 was ob-= 
taanede mine criticalsvValue ot (1 2364); n= 0.05, 215 
Smo sinus the null onyoothesis, that. there sy no. diffrerence 
between the post-test results of the experimental group 
compared with the control group, can be rejected. There is 
a significant difference between the achievement of the 
two Haifa groups in the drawing post-test. 
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Table 13 


Error Frequency: Drawing Pre-test 


Quartiles Haifa Edmonton 
Experimental Control Experimental Contro! 

aa ‘ ae is. 

ee j 

Square root | 

co of the pool Zaleec Hs Chee 20> 

variance 

Q=0.67456 4x3 12550 1824 lowe 


- (3) 0.16 6.05 a 1.53 


leotes: 1. Thesquartiles are + 0.6/45c , where o is the 
Square root of the pool,variance. 
2 Tneicnutical value of x79 (3) 1S 7.8lsip = 0? 


6 a, 

Vea ia a in view 

emp vl aN ity het WOR las 1 
’ . rai | : 7) ict " mts 


ee har Me ean ae a < ee ooh pat _ 
t rn i ia pr 


“gai he ed 
ret C24 J { 4 vant? 184%: 3 


7 
A) 
i ines 


“oni ae 


qe rene team lanai la ty anh ee eat pom elles lar ~ —te —7 
; iA Ps ii 
| : { 
= 5 
al } ) 
; } 
— 2 er, ee Lint (ame 
a 
£ \ n 
te | : } 
v ' i 
t 
cies a eT a TT 
A cell | 
! 
% : 
g | Ja a 
' 
—— te — 


ire oe” ren i 
H ; 
' 
7 | bY 


ee ae 


: 
‘ 


| a 
F ; 
2.7 | i 7 C ,u : 


bdiddedn te seen aera wee ee 
; " } a es ve a 
et “ ro mt! eh 
¥. r 


us ae 
~ « 


a Ao 


Source 


Haifa: 
Between 


Witnin 


Edmonton: 


Between 


Within 


“P(1,364), p 


kk 


Table 14 


Analysis of Variance: 
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Ceucicae Vallelot Fil ,73) , pee 0,05, is 3.98. Thus: the 

calculated value is lower than the value obtained from the 
tables, and the null hypothesis that there is no difference 
between the performance of the two groups in the post-test 


cannot be rejected, 


vice on Ne MuULtiple-Choice Test 


The mean value of the score in the pre-test for the ex- 
perimental group in Haifa in the multiple-choice test was 
oly jand for the cantrol group the score was 59.8 (Table 9). 
The corresponding figures for Edmonton were 63.7 and 62.5 
respectively. Analysis of variance to test the null hypoth- 
esis H that there is no difference between the means of the 
data in the pre-test gives values below 1 (Table 15). This 
was true for the four groups treated as a single experiment 
as wel] as for Haifa and Edmonton separately. EH. is there- 
fore not rejected. Thus we can assume that initially there 
was no difference between experimental and control groups in 
their performance in the multiple-choice test. 

As in the drawing test, the mean score for each of the 
experimental groups in the multiple-choice post-test showed 
an increase over the corresponding score for the control 
group. Thus the Haifa scores were respectively 69.7 and 
64.5 whilst in Edmonton they were 63.6 and 58.8 respectively. 

The pre-test distributions for all groups were examin- 
ed for normality (Table 16). The values of y* obtained 


for the pre-tests show that there is no deviation from 
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Table 15 


Analysis of Variance: Multiple-Choice Pre-test 


Source df SS MS F-Ratio 


Pie rour «Groups 
Between 3 ho 69 aves 
Within 437 So say Ome) 


0.63 
Haifa: Experimental-Control 
Between ] 8.45 8.45 
Within 364 Slot Soul | 
Valeri 
Edmonton: Experimental-Control 
Between ] Carte) Oh rake! 
Within is 444.39 6.09 
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Table 16 


Error Frequency: Multiple-Choice Pre-test 


Quartiles Haifa Edmonton 
Experimental Control Experimental Control 
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normality. All the values obtained were less than the 
value vs = 7.81 for three degrees of freedom at p = 0.05. 

Table 17 shows the analysis of variance for the means 
in the multiple-choice test. In Haifa, the F value of 
9.20 enables us to reject the null hypothesis that there 
is no difference in the means. The critical value of 
Pi OO4jimeep r= 01.05, 1s 3.04. the Value of F for the Edmon- 
Done Gesiiesm Was, 399 (Cniticalevaliue: © Cl73) , p= 0.05, 
TOLMGeveci1on, 1s. 45h). ) Thus for athe edmonton results, the 
null hypothesis that there is no difference between the 
means cannot be rejected. 

This analysis shows that after studying the unit the 
Haifa experimental group performed better in the multiple- 
enonee test than did the control group. “In Edmonton, the 
additional gain in this test of the experimental group, 


compared with the control group,was not significant. 


Terao ep UNe ml Ot algo COne 

The analyses described above were performed on the 
total score obtained by each student. This score was found 
by adding the scoreson the drawing test and the correspond- 
ing mulctiple-cholces test. From ables 10 1tycan De seen 
that the mean score for the pre-test in Edmonton was the 
same for each group, i.e. 58.2%. The corresponding scores 
for the Haifa experiment were 58.5 and 57.6. The analysis- 
of-variance table, shown in Table 18 gives the F value for 


all four pre-test groups together, as well as for the pre- 
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Analysis of Variance: 


Source 


Table 17 


df SID 


Haifa: Experimental-Control 
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F-Ratio 
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Tablve 1S 


Analysis of Variance: Total Score Pre-test 


Source at 35 MS F-Ratio 


All four groups 
Between 3 a) ley! 2219 
Within URES Wada Ne tere hee ite; SO 


OF: 0:7 
Haifa: Experimental-Control 
Between ] 6.47 6.47 
Within 364 12496.24 S4er36 

Oso) 


Edmonton: Experimental-Control 
This result was not analyzed as there was no difference 


between the means. 


Parl 437)\), (a= KOO Se. 1s 2062 
Beg 64 enue s43 287 


; pte. ; 7 ( " H 
r¥ on ni si a ve 


| or ahs yeu! 
j te sanitlinen ee ae 


n ~<a 1. 
i : 
5 a > f ; | 4, 7 : 
: sav : 
. / ' . i 
, 
} " i _— a 
4 rE a ry j <n 
ie ke 
3 , 
oe. Ee 
‘e * 7 2 LG 
4 eww) ie oe eS AS cece? ge : = 
aa 
fu o—- 


eteaerenae 


105 


test experimental and control groups in Haifa. In both 
tneseycases the calculated value of fF was less than 1. 
Thus the null hypothesis tnat. there as no significant 
difference between the means of these figures cannot 

be rejected. 

The mean scores for the post-tests in Haifa were 71.8 
for tne experimental group and 67.0 for the control group. 
The corresponding figures in Edmonton were 67.9 and 64.5 
respectively. 

The pre-test total-score distributions were tested for 
normality. As can be seen in Table 19, all the pre-test 
vatues—of fe are below the tabulated value of 7.81] for the 
0.05 value of p and for three degrees of freedom. 

The analysis~of-variance calculation for comparison 
of the experimental and control groups in the total-score 
post-tests are shown in Table 20. The Haifa result for F 
is 5.23 which is higher than critical value of F(1,364) = 
weoo, at. p= 0505, “obtained from the tables “of F values: 
This enables us to reject the null hypothesis that there 
is no difference in the means. However the figure obtained 
in Edmonton (0.72) is too small to make this assumption 


PevTcicad Value 2. ./3) 5 = 0. OoetS mo.90).. 


Ss Correlation. of 10 and the. Test Scores 
The correlations of 10 with the various test scores 
areeshnown intlaple 2k. e/ihe calculations are for the pre- 


test and the post-test scores in the drawing test, the 
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Table 19 


EGroOn Frequency: som Otal-=score Pye—test 


Quartiles Haifa Edmonton 
Experimental Control Experimental Control 
eH fpf i 


Square root 

o Of the pool hohe 15.4 Tose 
variance 

aE ye ei 


Hotes= 1. The quartiles are +0.67450 , where o is the 
Square root of the pool.,variance. 
en. Ihervoratical valueiof X0.05 (Sees: e001. 


i 
No 
[@>) [@>) 


Q@=0.67450 


106 


ea 


A ite a? 


‘ine br +4 Bees: 


ele erat tp teaser tS a AS fiibnaatinchbecon 


iy) Mg 


: q ; 7h ‘Ls : i J ' 
it : 7 7 A 1 7 Ags s 
; ' ; Yo - . a , min a a) i af : 
} n DA . i on ie 
y ) rn en ic i. ee ; 
Pe x i, fi mae ar) |) ae ‘n 
i y ae ai ie : ae pews rr : 


Table 20 


Analysis of Variance? @lotal-Score Post-test 


Source df SS MS F-Ratio 


Haifa: Experimental-Control 
Between ] ZOOS 61s 2036) 
Within 364 14519.93 ese) 


ate. 
Edmonton: Experimental-Control 
Between ] rah tea Vag Poeges 
Within 13 2213282 30n 32 

Ore a 


Pr(imces)n fp = 0205). is 3.87 


kx 


P8673), p.= 0705, is 3.98 
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Group 
Tests 
IQ with: 


Drawing - 
Pre-test 


Yrawing - 
Post-test 


Multiple- 
Choice Pre- 
test 


Multiple- 
Choice Post- 
test 


Total Score 
Pre-test 


Houal score 
Post-test 


Table 2] 


Correlation of Test Scores with IQ 


Haifa 


Experimental 


Control 


Edmonton 


Experimenta] 


Control 
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multiple-choice test and for the total score. The corre- 
lations are all positive and of the same order of magni- 
tude. 

For the Haifa experimental group little variation was 
found in the correlations between IQ and the results of 
the tests. The correlation coefficients vary between 0.40 
and 0.47. In the pre-tests, the Haifa control group had 
omcOnsmantecorre ationy?) 0&378for aldathreestest situations. 
However; in the post-test, the correlation coefficient varied 
between 0.20 for the multiple-choice test to 0.48 for the 
total score. 

In Edmonton the figures for the experimental group 
were on the whole lower than those in the control group. 
The correlations for the various tests in the experimental 
qroupryvaryofrom 0229%to 03444 whilst” ins the control* group 
eneurangeyis ftrome0e4srto 02622 

The variations are however small. Thus no significant 


effectawas found: in the*correlatiton of score’ to'1Q. 


5,4 Level of Geometrical Maturity 
"Geometrical Maturity", in the work of Boe (1966) and 


Bober (1973) means the attainment of a perfect score in 

the sectioning tests. Boe found that seven of her 72 sub- 
jects in grades 8 to 12 (9.7%) attained a perfect score on 
the drawing tests and three (4.2%) on the multiple-choice 
tests. None of Bober's 422 students (from grades 7, 8 and 


9) had reached this level of Euclidean geometrical maturity, 
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The present study confirms the above observations, 

In the drawing pre-test in Haifa no student attained a 
Pemrect score. ‘In the post-test nine of the 204 subjects 
(4.4%) in the experimental group and two of the 162 sub- 
jects in the control group (1.2%) attained the maximum 
score of 16 points. In the multiple-choice test for the 
experimental group, two students had a perfect score in 
the pre-test (1.0%), while four (2.0%) attained this score 
in the post-test. Wo student in the control group at- 
tained full marks in either test. Two subjects attained 
a full 32 points for the two tests together. They were 
both for the post-test in the experimental group. 

No Edmonton student attained a perfect score in either 
of the pre-tests or in the multiple-choice post-tests. In 
the drawing post-test, two students from the experimental] 
group (4.9%) and one from the control group (2.9%) attained 
a perfect score (Table 22), 

Dawisi.c.laimsa that. particularly for ethe chil drengaged 
Dino ait 1S not reasonable togdemand ia full scores te 
Suggests a more reasonable definition of Euclidean maturity 
wou Mdebewa total sconeof 24..(and mots.0f32)..0n. thertesits.. 
Even using this level none of Bober's students had reached 
the level of geometrical maturity. 

In Haifa 43 of the experimental-group students (21.3%) 
and 36 of the control group (22.2%) attained a total score 
of 24 or more in the pre-test. In the post-test, 106 


(52.5%) of the’ experimental group and 75 (42.3%) of the 
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Table 22 


Students Attaining High Scores 


Haifa 
Experimental 
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Experimental 
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“Geometrical maturity, according to Piaget's definition. 


** Geometrical maturity, according to Davis's (1970) 


definition. 
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control group attained a score of 24 or more. The corre- 
sponding figures for Edmonton were: for the pre-test 6 
(14.6%) and 6 (17.6%) and for the post-test 17 (41.5%) 
ancy (32/47). 

The z-score was calculated for the mean scores (see 
mee curoda))), US ingsa, dertined mean of 16 (7.e. 100%) 
for the drawing test and the multiple-choice test separately, 
and a "defined mean" of 32 for the two tests together 
Peoliimnes. slables; 23a,b)e. [he s-score is recalculated us- 
ing Davis's criterion — a defined mean of 12 or 24, 
fae. 7522) (Column 4,” hables 23a,b)- 

The deviations from the defined mean are so large that 
the probability of attaining the Piagetian maturity is no- 
where significant. However, the probability of attainment 
of Davis-level maturity (75%) is significant for some 
tests and for some groups — specifically for the Haifa 
experimental group in the drawing post-test (at p = 0.05%) 
and in the total-score post-test Cotes -0 40:2) .sand aio 
Edmonton in the drawing post-test for the experimental 
group and for the control group (both at p = 0.05%). 

The marginality of this significance test is, at first 
glance, surprising. In the Haifa pre-test over 20% of the 
students were Davis-mature and in the post-test over 40%. 
In Edmonton the proportions were only slightly lower. The 
explanation seems to lie in the fact that the remaining 


students attained much lower scores. 
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Table 23a 


Determination of z-scores: Geometrical Maturity 


Sennen sree Ae Se et ee ey | USTs ee BS 3 oe 
Mean Sad asicore z-score “ Proba- 
"defined" "defined" bility 

mean 100% mean 75% (p) 


Haifa: Experimental, W” = 204 


Pre-test 
Drawing <0.004 
Multiple-Choice| 61. <0.004 
Total Score <0.004 
Post-test 
Drawing OF eae/i* 
Multiple-Choice| 69. <0.004 


Total Score 


Page oe CONGO. |, WV. 


Pre-test 
Drawing <0.004 
Multiple-Choice| 59. <0.004 
b0ta.4 Score <7 4004 
Post-test 
Drawing 0.009 
Multiple-Choice| 54. <0.004 


Total Score 


7 eignit scant, atl. Uo 


- Sidnitacant at, 0. 0 
(1) Total: 16 for Drawing and Multiple-choice, 32 for Total 
Score. 


(2) Total: 12 for Drawing and Multiple-choice, 24 for Total 
Score. 


113 


~ sae-selrs etiam Ae cer 
4 


~ 5004 at eye ie ck at 
verTid bent tan”. m 
“'fq) rey wash 

Ma | : 


AN 


Y + 
dl he ee 
a 
. 


a 


Anan. ¢ 


00.0> } * Ui) 
£00.05 Y. ot 


ds f a) a 
L)ie' are 
é 
_ — a ee 
-_ _ _ ee 


: ‘ F 
‘ 
j 
\. ~~ : > f 

t 
' 

Ta 

me 


ae f nt 
(stoT dod: $f. t saatonaaah 


ory iW 


: “- 


7 


‘ ll Ie 


a ©: = 
1 
1 > _ - A 
iy 
, ba 
oe 


taser’ es ae 


ela 


ty 


* 


jn 


ia 


( 


ie 
aaa 


Table 23b 


Determination of g-scores: Geometrical Maturity 


Mean S.D. g2-score | z-score é Proba- 
"defined" "defined" bility 
nean 100% mean 75% (p) 


SS 


Edmonton; Experimental, W = 41 


Pre-test 
Drawing 
Multiple-Choice!} 63. 004 
Total Score 004 
Post-test 
Drawing (Bi: 
Multiple-Choice| 63. 004 


Total Score 


Eaqmoncon: iControl, Vv = 


Pre-test 


Drawing 004 


Multiple-Choice| 62. .004 


Total Score .004 


Post-test 
Drawing 2d 
Multiple-Choice| 58. .004 


Total Score 


SEeosagniticant at.0.05 


*x Significant at 0.01 


(1) Total: 16 for Drawing and Multiple-choice, 32 for Total 


Score. 


(2) Total: 12 for Drawing and Multiple-choice, 24 for Total 


Score. 
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In chapter IV the following question was posed: 

Does the study of the unit "Making Rectangular Solids" 
Significantly affect the performance of sixth- and seventh- 
grade children in a geometrical-maturity test? 

Two subsidiary questions were also investigated: 

(1) Did studying the unit have the same effect on the 
score in the geometrical-maturity test in Haifa, 
in Israel as in Edmonton, in Alberta? 

(2) Was there any correlation between the IQ of the 
Subject and his scores on the geometrical-maturity 
test? 

There was no significant difference between the per- 
formance of the experimental and control groups in the 
pre-tests. Nor was there any significant difference between 
the Haifa and Edmonton samples. There was no significant 
deve attieh from normality. 

In the post-tests most of the mean scores increased. 
The exceptions were the multiple-choice tests for the two 
Edmonton groups. For the experimental group the fall was 
Negdigabd ec.  frome63.72°5%0+ 630 6%. 8 Ther control’ group fel) 
from 62.5% in the pre-test to 58.8% in the post-test (see 
Table 11, p. 94). Overall there was an improvement in the 
performance of the students of both the experimental groups 
(the students who studied the material), compared with the 
corresponding control groups. However, while this improve- 


ment was significant for the sixth-grade Haifa students, it 
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Was not significant for the seventh-grade Edmonton sample. 
There are several possible reasons why the experiment 
Showed a greater gain in Haifa than in Edmonton. Two ob- 
vious ones are: 
(a) The type of material was novel for the Israeli 
children. They are accustomed to traditiona 
frontal teaching and were taken out of their 


usual routine. 


(b) The teachers took a great deal of interest in 
the progress of the experiment. They regarded 


it as a privilege to be invited to participate. 

Since all the changes in scores were Marginal, these 
and other spurious effects may have biased the results. 
The conclusion that the unit improves the performance on 
the geometrical-maturity tests can only be tentative. 

The correlations found between the IQ and score in 
the geometrical-maturity test ranged between 0.2 and 0.6. 
The experimental groups performed more consistently than 
did the control groups. In Haifa the range for the exDer- 
imental group was from 0.40 to 0.47; in Edmonton it was 
from 0.37 to 0.48 (except for the multiple-choice post- 
test, see Table 21, p. 108). 

There was no consistent change in the correlations be- 
fore and after studying the unit. One might have expected 
that the brighter children would have gained more from the 


unit. However the structure of the sectioning tests is 
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biased against detecting any such effect. Students who 
attain a high pre-test score have little room for improve- 


ment. 
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Chapter VI 


Conclusions and Implications 


on oummary of ‘the Study 


The study was based on a teaching unit "Making Rectan- 
gular Solids" (Kuper and Walter, 1978). The unit was de- 
Signed to give the child concrete experiences in solid 
geometry by building a set of rectangular prisms, examining 
them, and playing with them. The intention of the unit was 
to provide a series of exercises to enable the student to 
discover the properties of the solids for himself, to exam- 
ine some special lines and planes in space, and to serve 
as an introduction to the concept of volume. 

The study was conducted in Haifa in Israel and in 
Edmonton in Canada. In Haifa 204 students formed the ex- 
perimental group, and 162 the control group. In Edmonton 
the corresponding numbers were 41 and 34, respectively. 

A pre-test was administered to all the students at the 

start of the experiment. The experimental groups then 
studied the unit. ~ "At “the ‘conc tluston*of’ the “work, "the groups 
were all re-tested with a post-test, similar in structure 

to the pre-test. An achievement test was also administered. 

The method of testing was to ask the student to iden- 
tify sections of geometrical solids.” The students first 
drew the sections freehand, and then tried to choose the 


correct drawing from a set of five alternative drawings. 


118 


oh ea 


h a) } Mi ie hl ni as th 
ee Ate we | 


“ab ahw er a en Fy, 
hifoz 1 sh apaiegue aunt 
ontatinexs eine han sutiansians e fee. a | 
Zan ST Aw wT MD io hhae Wi ot att “atte mayen | it 
o2: tnrebus2 adit eirdgana oJ raeFouaxe to. abfradyal" TN | 
“maxg ot These oy pot Tos eng “to astiaaqorg on : 
aviee oF bWe Wetege- 1! esne iq bie asnil _fatehaw ao be fa 
Baytoy Te deciles ait! 89 rion 2 
nt bn Vase nt erie ah watowbros ’ rte ybuse 6 B 
<9 aed baawor rhagbwte bos shieh nt. -ebane? can, 
wotivows S ret  guetg fortnoa ond Sar brs savare.t 
ulavignbdeey RE. hitb ce svow 2vadrair arene 
slg g's etnebuae wig) tte aa Mayeateh a hie aoe 
iide 20048 eanbmtyeae, bea sanamynagne 44184 7 
2quo71p oh? ~dnowoent goteah anae. 6 tA. a die 


Tae ape a 
enugsuate nt 4 (hanks .320 aia 6 ‘ei sn a 
- ceeyy | : =i a - _ 
haretziatabs bate ay at iii Eh | “te hs . 


sash} of Paabuge any A289 | than: ise na 
sin asnabiite if Me ost om is Ras oe 
Ait ah civ te ; ota 
oy \} 


hipenespre=test the solids used were: a cube, a triangular 
prism, a non-rectangular parallelepiped, and a cone. In 

the post-test the solids were: a rectangular prism, a four- 
pointed star-shaped prism, a circular cylinder and a 
Square-based pyramid. There were four sections for each 
Peeenensovids - making in all 16 Sections in- each of the 
tests. These sections were labelled: longitudinal A, 
longitudinal B, transverse, and oblique. 

The unit was taught by the regular class teacher. In 
Haifa the teachers were supervised by the author of this 
report. In Edmonton the teachers received a short explana- 
tion, a full teachers' guide and notes on the lessons. 

The main purpose of the study was an attempt to answer 
the question: Does studying the unit "Naking Rectangular 
Solids" significantly affect the performance of sixth- and 
seventh-grade students on the geometric-maturity test? 

Two subsidiary questions were also examined. Firstly the 
effect of the unit on two different types of population was 
investigated - the sixth-grade students in Haifa and the 
seventh-grade students in Edmonton. Secondly the correla- 
Pren-coerficient of IQ with-the score on the tests was 


calculated. 


meee DTScussion of othe Results 
The main purpose of the study was to see if the unit 
"Making Rectangular Solids" could affect a student's per- 


formance in the geometrical-maturity tests. However before 
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qiscussmig tne conclusions and implications of the Study, 
some comments must first be made. These comments will 
apply mainly to the Haifa experiment where the author had 
direct contact with the progress of the study. 

(19" The wnit was’ desvaned* to give the ‘child partic- 
ular geometrical experiences of discovery, manipulation 
and building the models. It was hoped that the child's 
level of geometrical maturity, as measured by the tests, 
would be increased. However, eight to ten lessons may 
not be sufficient to make an impact on the child - although 
most children greatly enjoyed the experience. 

Miedo Uhr T1CuUlt uOomsee NOW tne wnit can be fully 
Siiective it Tt 1s studied too dquicKkiy. ~The chitd will 
not have adequate time and opportunity to assimilate the 
experiences. For maximum effectiveness the lessons should 
probably be spaced over a longer period of time. 

C2)" eine sSpiriitvor the writing. oT the Unit’ wasone® of 
sdrscovery= learning. put most of thes teachers in° Haifa 
Were not used to this, teacninge style. ~1t* 1s the author’s 
opinion that they made an honest attempt to teach in this 
way (at least as stated in their written reports and when 
the author was present in the classroom), but a lifetime 
OTe teaching habits 1s nard”’ to’ change» overnignt. It cannot 
berclaimed that tnesuntt was ctaugnec in ace the schools avi 
tne time in the way it was designed. 

(3) The classroom work was done by the children in 


Groups’ ot three or four. “Thus there is*no certainty 
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that every child benefited from alZZ the experiences. It 
was hoped at the beginning of the experiment that the 
sample would be sufficiently large to allow for statistical 
fluctuations due to this particular defect. However, in 
Spareyotfaitnes fact that* overs 5008 chiddren. participated in 
the Haifa experiment, only 366 were included in the final 
sample and 204 of these studied the unit. The experiment 
would have been more meaningful if it had been possible to 
be sure that all the students had taken an active part in 
arin nat slieast mosite, of? the activities: 

(4) The tests were conducted for the class as a whole 
and not with each child individually. Both the teacher and 
the tester were present. Nevertheless one cannot have as 
much confidence in data obtained in this way as in data 
collected in an individualized examination, as in the exper- 
iment of Boe (1966). Even testing in small groups, as 
Davis (1969) did, is greatly to be preferred over whole- 
classttesting. 

For example, in the classroom situation a child might 
ask for the tester to repeat a particular cut, or he might 
ask tot?sees the’ solidi fromea different. aspect. “It isvclear 
Ehotee it one. chaldfishiih Somexdoubtiabouti hisg responses 
others might be influenced by his hesitation. A second 
example of influence from the other class members could 
occur when an “easy” section (e.g. the sections of the cube 
or the rectangular box, or the transverse sections of the 


triangular prism) followed a "difficult" section (e.g. the 
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oblique section of the cone, cylinder, or pyramid). It 

was sometimes possible to hear the sigh of relief - AH! - or 
even an enthusiastic comment. This is unavoidable in the 
classroom situation, especially when the students are 

keenly interested in what they are doing. 

Wien S5eto 40-childnen areysitting,in-pairs.inithe 
classroom (the normal seating arrangement in Israeli 
schools) other spurious influences can occur. The experi- 
menter was not aware of any conscious copying, and every 
effort was made to prevent it. But she cannot be certain 
that somevunintentional copying did.not~occur, particularly 
in the multiple-choice tests. This is an inherent danger 
when testing the entire class as a unit rather than testing 
the students individually. 

roe) wunekstructuresotethestests made at difficult to 
measure the improvement in performance of high-ability 
stucents. If anstudent obtained.atscore of 14 to 16 out 
Gimedscotal of l6npoinéseinethespre-test, he could not gain 
more than one or two points on the post-test. He had no- 
where to go but down. However an average or a weak student 
who had a pre-test score of under 8, could gain up to 8 
points. oreithis»means that thetanalysis,of the gaingscorenAs 
biased against the student of high ability, who had per- 
formed well in the pre-test. 

(6) In\Haifa.the- scores,had been cross-checked so 
that a particular drawing response was compared with its 


nultiple-choice response, to see if the drawing had been 
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"read" correctly. However as only the score sheets were 
obtained from Edmonton this check could not be made. In 
addition there is always the possibility that two different 
people could record the drawing scores differently. In 
fact the rules laid down by Drost (1977) seem to be unduly 
mugragror bests carried outeinithekelassnoom situation, 
when compared with tests performed by individual interview. 
Students, influenced by their peers, may feel that they are 
under pressure of time, and in their haste they may draw 
less accurately. In the author's opinion, one can have 
full confidence only in results obtained by individual 
interview. 

(7) The experimenter's results do not confirm the 
OEGe avedats OSs e0 fo sD roSity G97 iy opr. whd0 athat Hehere tisméan 
increase in test means in the order: 

(1) pre-test drawing, 

(2) pre-test multiple-choice, 

C3 piOSt— Gest «dia wing), 

(4) post-test multiple-choice, i.e., the increase 
paralleled the order of administration of the 
tesits,. 

In the present study the following order was found for both 
experimental and control groups in Haifa (the order of pre- 
sentation being the same as in Drost's study): 

(1) pre-test drawing, 

(2) pre-test multiple-choice, 


(3) post-test multiple-choice, 
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(4) post-test drawing. 
For the Edmonton sample the order of the increase of test 
means for both groups was: 
1) pre-test drawing, 
2) post-test multiple-choice, 
5 


pre-test multiple-choice 


( 
( 
( 
(4 


) 
jempost=test drawinonr 

(8) The author's Haifa data confirmed Drost's obser- 
Vation thar even in the control group the post=test scores 
were higner than the pre-test. A possible explanation is 
inact the pre-test in effect acted as training for the” post- 
bests) (hts poink 1S dusmissed by Drost on the* grounds 
that there was a time lag of 4 to 7 weeks (in Haifa this 
was sometimes as long as three months). He believed that 
this lapse of time was too long for the training effect to 
DeTimportant. -He also Claims that the results of tne first 
test were not returned to the students, so that they did 
not know whether or not they had been successful in it. 

The author of this report does not agree with Drost's 
observations. It was apparent that some learning had taken 
place; it was observed that the time required to administer 
the post-test was considerably shorter. There was no need 
to explain in detail what was expected of these students. 
As soon as the experimenter appeared with the box of solids, 
the children were ready to start. Although the students 
did not know the results of the pre-test, they had not been 


isolated and had discussed the tests with each other and 
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with their class teacher after the pre-test session. 

(9) Bober (1973) claimed that the two tests were 
equivalent in difficulty. The author agrees with Drost's 
repudiation of this statement. In the pre-test there were 
four "difficult" sections: the oblique sections of the 
cube, triangular prism and cone, and the longitudinal B 
section of the cube. In the post-test, only the oblique 
sections of the rectangular prism and the circular cylinder 
were difficult. The sections of tne star-shaped prism 
were difficult to draw accurately, but were recognizable 
as the intended shape. Tnus, overall, the pre-test seems 
to be harder than the post-test, which might account for 
the inprovement in the score of the control group. 

In the light of these observations the following 
conclusions are drawn: 

(1) There was no significant difference between the 
mean score for the experimental group compared with the 
control group for the drawing test, the multiple-choice 
test, and the total score. These scores were also normally 
distributed. This was true both in Haifa and in Edmonton. 

In the Haifa post-test, there was a significant dif- 
ference in the mean score of the three tests (drawing, 
multiple-choice and total score) of the experimental group 
over the control group. Thus the unit had an effect on the 
performance of these students. 

(2) Although the Haifa students were nearly a year 


younger, they performed better than did the Edmonton stu- 
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dents. This difference may have been due to external 
factors, such as the personal interest of the experimenter 
in seeing that the teachers were adequately prepared, in- 
formed and encouraged. It may have been due in part to 

the interest shown in the unit by the students, as the 
teaching methods used and the general approach were novel 
and exerting for tthe 'Haifarstudents a> It will *be«interest- 
ing to learn if a study, to be performed in an Arab village 
in Galilee, shows similar effects. 

(3) Wo real evidence was found that the ability 
(measured by the IQ) had an effect on achievement in the 
interes Ehetcorrelattons sof score withalQrwere eal lelow:. 
However the nature of the tests had a built-in bias against 
finding such an effect. The student who gained a high 
score in the pre-test was not able to make a significant 


percentage gain. 


6.3 Implications and Recommendations 
Gea” sl mplitcationis) toh whe iitudy, 


This study was motivated by a desire to improve 
teaching of geometry and to overcome the prevalent anti- 
geometric prejudices of many teachers. This prejudice is 
not shared, at first, by the children. Many children can 
get excited about shapes and solids and enjoy model build- 
ing. They also derive much artistic and aesthetic pleasure 


from some aspects of physical geometry. 
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It has already been stressed that the teaching of 
measurement of areas and volumes is a problematic topic 
PRechencurriculum.~-elfmthe first approach: toxnthe+study 
Dreunesesconceptssisethrough;activitiessnof: the. type, de- 
Genipedean thisistudy, itis moremsakedlyythatethesstudent 
will be able to distinguish between them. 

However it is clear from the results of this and 
Similar studies that the concepts of area and volume are 
taught to children at a stage when not all of them have 
reached full geometrical maturity. As a consequence two 
possible courses are open. Firstly, educators should 
ensure that sufficient manipulative experiences be avail- 
able to the student before and during the study of area 
and volume, Secondly, it might be more efficient to delay 
the teaching of these concepts until grade 8 or 9, when 
the child is more mature. 

The correlation of IQ with the score in the tests was 
not found to be significant. However the tests are, in 
the author's opinion, not sufficiently sensitive to be able 
boumake anyeconclusionsyon-thisspoants 

On the whole, the Israeli children performed better 
than did the Edmonton children, although they were a full 
year younger. That the increase was in part due to the 
novelty of the situation cannot be discounted. It will be 
instructive to learn if this trend is maintained when the 
whole Israel geometry curriculum is reformed and the sixth- 


grade students are tested after many such experiences. 
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6.3.2 Recommendations for Improved Sectioning-tests 
1, From the results of Drost (1977), it is clear that 


the geometrical-sectioning tests are still not adequate. 
According to Drost, the pre-test is more difficult than the 
post-test. While this point has not been specifically 
investigated here, the author's general impression supports 
Drost's contention. This statement could be verified by 
Subjecting the two groups of subjects to the tests, but 
reversing the role of the pre- and post-test for one of 

the groups. If this imbalance should prove significant, 
the tests should be modified. 

2. Some of the sections proved too easy; in other 
words, practically all] of the students gave a correct re- 
Sponse. These oyer-easy questions include the square 
sections of the cube and the rectangular sections of the 
rectangular prism. While having easy tasks is not in itself 
damaging, it means that an opportunity of asking more 
searching questions has been lost. One might remove some 
of the easier sections from the tests and in their place 
use the cuts of the regular octahedron. The simpler sec- 
tions of the cube could then replace the sections of the 
octahedron in the demonstration session, before the pre- 
bOSt . 

3. The distractors used in the multiple-choice test 
were those described by Boe (1966). She derived them from 
the incorrect drawings by her subjects. However some of 


these subjects were only four to six years old, and made 
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errors which 11-year-old children are unlikely to make. 
The choice of distractors should be carefully reconsidered, 
and a more plausible set of distractors prepared. 

4, Drost-claims that there is little difference 
between the results of classroom and individual testing. 
pe mnererore suggestsithat the testsS*could be used as a 
measuring instrument for classroom use. For the reasons 
Ueesented intisectioni6.2;8théetauthor does) not agree with 
this view. It is admittedly possible to test larger num- 
mersenoue*tquicklysin*®the classroom. **HoweVerethe*children's 
drawings are often ambiguous. In individual testing, the 
tester sees the drawing immediately, and where it is ambig- 


uous, the cnild can be asked to clarify his intentions. 


6.3.3 Recommendations for Further Study 

Protne sli ant of ethis astudy,uthe authow feels that stne 
activities described in the unit are not enough to signifi- 
eouuly improve the,geometrical maturityof the «students. In 
ficune this unit Will be used as sparnt of the grade-5 cunric- 
Calum. in israel. Four new,units will, be used.in grade-6. 


They are: 
1. Area and perimeter, 


2. The regular (Platonic) solids, 

eae The prises wincluding the ecy hinders: sd special 
case, 

4. The pyramids, including the cone as a special case. 

All the new geometry material produced by the Curric- 


ulum Centre in Israel is based on activity by the students. 
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The central theme in the unit on the Platonic solids ("Let's 
Make Regular Solids") is to discover that five, and only 
TOWepareguiar sod idswiexist.-s1nathesunits.on, prisms: and 
pyramids the volumes of the solids are investigated for sets 
of solids with equal-area bases but differing heights, and 
of bodies of equal heights but different base area. 

It is hoped that more extended study will be made, 
along the lines of the present work, when the units describ- 
ed above are completed. It will then be possible to compare 
the effect of this material on the geometrical maturity of 
students in a variety of situations. For example, the effect 
On a group of students of studying the-material] in the space 
of two or three months could be compared with the results 
obtained from a group studying the same material over the 
course of an academic year. 

In this proposed study, students would be tested 
individually, and not in whole-class groups. Both the pre- 
sent tests and modified ones - using improved distractors - 
Should be used. The selection of models between the pre- 
test and the post-test should also be optimized, 

Finally, it is hoped that the material described in 
this study will stimulate others to prepare interesting 
material for the geometry curriculum. This might eventually 


influence teachers not to neglect geometry. 
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Appendix 4 
Record Sheet in Multiple-choice Tests in Haifa 
(English Translation Added) 
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Appendix 5 


Record Sheet for Study "Making Solids from Rectangles" 
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Appendix 6 


Pretocol for Administration wots the Pre-test 


(Version used in Israel, after translation from Hebrew) 


eet bute pay dt, liu y has HCOnSHaSitSGe Os ae DOO Killed ic onmati'n- 
ing a name sheet, and ten pieces of plain paper. 
gee Sie the class, topwriternanesmschnoo)], classy birthdate 
and sex on the front sheet. Ask them to fold each sheet 
length-wise to form twenty pages. 
3. Remove the sphere from the box of models. 
PROCK at sclMseSOV1Gs.. Whateasotee 
Discuss the replies with the class. Make sure the children 
see tne difference between a solid body and a plane figure. 
"If I cut the sphere with this knife (or ruler repre- 


senting the knife) what plane shape will we see if we 


openmeneba hh? = The aknite.g0ess in wnereias 3.5 and comes 
out here." 
Duscuss thisspoint with the children. Maker certains that all 


Piesclass see the pointiof entry, and exitiof ithe knife. 
This action should be stressed in every demonstration. 


Open the ball and let the class see the two cut surfaces. 
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Figure A 
Cute Ba ha 
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"I. know we, see. two, cut. halves. and two ‘caps’ 1. The. flat 
Surface is a circle. We see two circles, but they are 
both the same. Why? (Demonstrate by putting the two 
halves together again.) Just draw one circle." 

Draw a circle free-hand on the blackboard. The children 

now draw a circle on half of the first page of their book, 


and ear 


the drawing A. 
fee Remove. thexoctahedron from therbox. “Discuss the solid 


Wren tne ciass. 


SA ‘ Met 


Figure B 


The Octahedron 


Give its name, and discuss the number of faces, vertices and 
edges which this solid has. Make sure the children under- 
stand these terms. 
Cimon oun. bOncuL this. SO ld miele gare aa. (Demonstrate 
the transverse cut.) The knife goes in here and comes 
out here. (Repeat the action several times showing to 
allpsides of the ¢lass.) ‘What shape willl I see if 1 
open the octahedron?" 
After obtaining replies from the children, open the octa- 


hedron and show the class the cut surface. 


‘atin Tetters are used here for Tabelling, but for 
the tests in Israel, Hebrew letters were used. 
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Draw a square on the blackboard, and ask the children to 
draw a square on the second side of the first page of their 
bGOk=e. sLapel this drawing” Br. 

wee Repeat tnis procedure for the longitudinal cut’ of the 
octahedron (the rhombus) and for the skew cut of the octa- 


hedron (the kite). 


QO | 


Figures ¢ 


The Octahedron 
These drawings are copied by the children on the second 
sheet of their answer books (Drawings C and D). These 
procedures form the first section of the test and are de- 
Signed to make sure that the child understands what is 
required of him. 
6. Remove the models used in the trial period, leaving the 
four test models, namely, the cube, the triangular prisn, 
the cone and the paralellepiped, in the box. 
"IT am going to show these models and demonstrate the 
CULS. Telhasectame: 1° will not open the models. “You’ must 
imagine what the cut surface looks like and draw it. 
There are two parts each with the same cut surface. We 
will draw one of them. Draw them in the pages shown. 
Label srountdrawings- aly 1-0) 76.1 ehfeay oumwant, to see vany 
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7. The solids are to be held the same way for every sec- 


Cron. Ine@saxis of the solid as to be perpéndicular to the 


floor (Figures 10 and 11). The order of presentation of the 


solids is shown on the accompanying chart. When not in 


uSe the soljids are to be Kept- in the large box, so that 


they cannot be seen by the class. Repeat the cuts so that 


every child sees the cut from both the left and right. If 


a child requests to repeat the cut, do so. Say carefully 


FOr -eacn "cut: 


“The knife goes in here and comes out here. Like this 


Remind the children to check that the number of the drawing 


TS correct. 


oe “he four “cuts for each "Sol td*are : 


(a) 


(b) 


A cut perpendicular to the floor and to the body 
of the tester - Longitudinal A. 

Kh cut perpendicular to rthe Piroorrand paral lel-*to 
the "body *of the*tester=— Longitudinal Be ror the 
cone “this, is’ disp raced *to 7one“stde fo “obtain the 
hyperbola. 

A tcutiparalelereto tthe Ploors inom right To ‘let t'- 
Transverse. 

A cut frometnettop wroght to the bottom left - 
Opiate, Srnits "cut Ts tused in *thevcase of''tne -cube 
and the parallelepiped. For the triangular prism 
and the cone the knife enters near the top right 


edge and emerges on the left edges, near the base. 


Uhre 
, 


stig ae pray entra 
isnt oe sod sonal elds 
tans G2 ei $42" ‘Seager a: pr 


YL, .Pweta Bag ahal eft Add amy, 


yi Ture. LO2) “yO? of tae ae 


. 


ba Mie) 
irs eee 7 
sae sa 30h ve 


sha walt  cotea eerteriog bis wr BF Wa orm att av 1 
. | ~ ) (rn 
La. ha hg 


ry Mag b “egeuenee 
rene btfe7 née or etun Wu0T a 
vybod 44 09 tye 4ho)% ait a2 Serua easqeag died it * , my 
/K Snndbwitgued - tetead oan! ip @” ae 

od (eifsv9q bas saoft Bi? oF Teleotbnsqag) 205 Ae tore 
#i> 409 ° is Ex ne bitageea, - ugesr 243 To°gber ate ana ‘g 
oi? nissto! oF obté aah ee Bagpigeth 2b atid’ noo ey wal 
: atodrenut 1) yg 
~ Stal of Seg ty may? “ere wis fottensnitamemy (a) 


ac%b> Bad to secur adds te0t txeda ot sevht tds edt i Bay of 


» $¥e{ mostod aff of tng 
adus daa Fo 9e89 sas" ‘nT’ asian rors 
neti Tatugantat arty hail as 
ee a ae 
mg end Vass Ai: | 


. . 
fl i , 
? 4 : y 


hs yi 


Bact) jas eee ae 


7 ri oie 
if + dae i i ae 


' ,? 


hbeycutsraresShowns ine figures. l0and,11.) 


Prism Cone 
Figure D 
Oblique Cuts 

9. Check after every cut that the child has drawn the 
Section in the correct space, by repeating the number of 
the section frequently. 
10. After all 16 cuts have been demonstrated and drawn, 
eoiect. the pookllets and distribute, part 11 This “consists 
of an answer sheet (Appendix 4 ) and of a book containing 
16 pages. Each page consists of one set of five drawings 
appropriate to the cut demonstrated. (These drawings are 
shown in Appendix 2.) The procedure is demonstrated to 
tne children on the blackboard. 

“On the answer sheet are rows of six letters. After 

each cut has been demonstrated choose the diagram 

Wilton sVOU aotink= Tse ap prop iacesnor eta LaparoLcu lay 

Section. «Ring the letter corresponding to the drawing. 

If you think that none of the drawings is correct then 

Erecle, the kettersars = Check that the book of drawings 

is open at the correct page." 
It is important to check that every child has the book of 
drawings open at the correct page before the section is 
demonstrated. It is also useful to use a ruler or piece 


of paper to ensure the correct row of letters is being used. 
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11. The results of the two tests are recorded on a record 
sheet (Appendix 5). The replies are graded 1 if correct, 


Pianos how correct. 
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Appendix 7 


Protocol for Administration of the Post-test 


Il. The procedure for this test is similar to the pre-test. 
2. The children are reminded of the procedure for the ore- 
test. The trial models (the sphere and octahedron) are 
Shown and the cuts are demonstrated. The sections are 

drawn on tne blackboard, but not by the children. 

<p Ine cuts are demonstrated and drawn as in the pre-test* 
The oblique cut for the cylinder is as shown below. For the 


"dip" of the 


ae 
> opery 


a) 
t 
5 | 
m 
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Oblique Cuts 


4 - ate, ae 
| re CHOTC 


test is conducted as in the pre-test. 


m 


4. The naultip 
>. The replies are scored 1 for a correct result and O for 
an incorrect result. These scores are entered on the same 


record sheet as used in the pre-test. 


—_-_- 


= 
The sections for this test are shown in Figures 12 and 13. 
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Appendix 8 


(English translation included) 
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ThesCurriculume.CGentre 
TWwan winrwd 


FoyweoT fice wse 
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Class number 


MAI pena 


T?ndnnA 150n 
(We build boxes.) Student's number 


ynann A5d0n 
Exam number 


Tn ow 
student's name 
nnd 

class 
fey lip pics| 

school 


Lys 


Se ae ae or 
4 no 4 5y 71ND yoo yin (1 
lk (Given a segment of length 4 cm.) 
4 
.yra7qn - Th 424n nT yopn n1349 WwaRKX 
7 (It is possible to build one rec- 
tangle from this segment - the 
Square.) 


Gree. Gries iy ARAL eke @ 


(Remember - the square is a per- 
fect rectangle.) 


2 18-17 n'o S on7DIXY D7 yOPN n1995 DDN O731W D7999N AND (xX) 
.(07nYD5 150n yop 4D wnnUAd TWoOKX) ?n''s 


(a) How many different rectangles can you make using 


segments whose lengths are 5 cm and 2 cm? (You 
can use each segment more than once.)) 


.07399nn mR vow (43) 
((b) Draw the rectangles.) 


D777N VIVIWA JY 7X 
(There is no need to be accurate.) 
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(Mark the lengths of the sides on your drawings. ) 
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(From squares like those 
in the drawing) 


(em) nub 4 
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We 4 


(lteis* possibie to»buaid only 
one box - the cube.) 


.O799379 JN nIXNON ww DD AIDIPA 


(ing thee cube =there ware Six 
faces - they are squares.) 
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((a) How many different boxes can you make from these 


rectangles?) 
.(D7nyY5 150n 4J29n 9D2 YVNnUAD WOR) 


(It is possible to use each rectangle a number 
of times.) 
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((b) Record the measurements of the boxes, 
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(Given 2 boxes (a) and (b). 
The lengths of the edges 


are marked on the drawing.) 
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((a) If we fill the boxes with sand, 
hold the most (a) or (b)?) 


(b) (Explain. ) qn0n (a) 
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(On the left is a net of an open cube.) 
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(It is possible to fold the net and get the 
cube shown on the right.) 
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((a) Look at the nets below. Is it possible to fold them 
7 2 
to obtain an open cube?) eT ie AR cae: an 


(Cincle your reply.) 
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((b) Can you draw different nets from those shown above, 
which can be folded to obtain an open cube?) 
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(In the drawing is a block 
of wood, from which a piece 
Nas -peen cut.) 
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(C - from the front) (B - from the right) (A - from 
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above) 


(From which direction will the block look like this?) 
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(The shape in the drawing is a regular pentagon.) 
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obtain a three dimensional body.) 
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((a) How many vertices does the solid have?) 
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(ab) How many edges does the solid have?) 
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((c) How many faces does the body have?) 
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(Here is a Cube.) 
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(The length of each edge of the cube is 8 cn.) 
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.phun n231p Rn VWI 7NAW nVIpPN - (9) 
(The cube in the drawing is a die.) 


n7a1pA Dy 07790n B7DIND ND - 


(No numbers are written on the die.) 


N7TAIN NIR79A Jy O7971NDA OrD0nN Idd ,pnyun nraIP DDA - 
t74 Nan 


(On every die, the sum of the numbers on opposite 
faces. 1S i.) 


39nd AI? 2 790Nn TR ,N317>ynN AXVON Dy 5S 3IND ON :RKXNAITD - 
Jnainnna axran Dy 


(For example: If 5 is written on the top face, 
then 2 will be written on the bottom face.) 


ne 


| 


.1p1pn2 12D 6 WdnA .phwn n7a1p Dw novyn w7 A 417xNA- 
(Diagram A represents a net of the die. The number six 


Ve alge dys inPAAassns 5 4S? ley Tipline ne oO. CN) 


(ita ePrice tirewnunbers. 1.2. oes cond, pene correct 
places in the diagram.) 
2? B vrvaipn nx o2>vnd 5157 ADR ONA (3) 


((b) Can you complete the die in diagram B?) 
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Appendix 9 
Achievement Test: Edmonton 


QUESTION |] 


The diagrams on this and the next pages show the plans (or 
Nels @orediiterent. solid tigureswmaite tne plan is, cut) out 
and then folded, will it make the solid shown on the right? 
PRE INE NES ORONO s 


fb) YESe—“No 
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HUES TLON 2 


The diagram shows a block of wood in which a groove has been 
cut. (Hidden lines are not shown. ) 
bievouNlook at. the blocketromedimterent, positions. which of 


the diagrams A, B, or C would represent: 


1. The top view A B C 
2. The view from the right side A B G 


3. Jihesfirontuv.itew A B c 


CUR CLE THE CORRECT ANSWER. 
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QUESTION 3 


The shape A is a prism with a triangular base. 


The sides of the base are 3 cm, 4 cm, and 5 cm respectively. 


The height of the prism is 8 cm. 


Shape B is a rectangular box. The sides of the base are 


Seomoand 42.cne" bhevheraght iof theybox ais 6° cn. 


Which shape is the biggest? Can you explain why? 
Sescm 


cm 


The teacher will show you the prism 
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QUESTION 4 


The diagram A shows a die (sometimes called a dice) used for 
playing games. The numbers are missing from the die. 

Diagram Bs sikowst the nete Cory pilranimof thet idde.e*> Tt could be 
cut out, and folded to make the die. The face with the "six" 


is shown on the net. 


The numbers on the opposite faces of the die always add up 


EOuvi) EnUS wate aS Ons tne: LOD.wmenen eee mus c ibe on the’ bottom. 


If the six is in the position shown on the net, show how the 
RUMbeyYS) 1, ce 3 4) and 5S could bemput ton the ner togmake a 
proper die. (In diagram B) 

Can you put some of the numbers onto the diagram A in the 


correct places? 
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QUESTION 5 


The figure in the diagram has 7 sides (a heptagon). 
Imagine a point in the air about 2 inches above the paper. 
Sond thisepoant Pa .Now tryetoeimeagune the ‘solid figure 
ame yeryOum ind. tC -Caci :OTimone COMES «hs. 4b. Gy D.) bak 


and G of the heptagon in turn. 
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(co) w HOW manyovectices (cornersdoes ithise solid have? «i... 
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WESTION 6° (not: used vin’ final <test) 


Diagram I represents a Square room with a square ceiling 
EFGH and a square floor ABCD. All the sides are 12 feet 


ZONG. selLnesroom ns alsovl2e eetahign. 


Sis easpoimnt on the wallg@AvHes. we feet up trom the floor 

AD and 4 feet from the edge EA. 

iis’ a point on theawall)) BOGE, also,4 feet° trom the edge FB, 
and 2 feet down from the ceiling FG. 
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Diagram | 


(Ayumi espider 1S at Suand wants: LO erape ton. jHeomusit 
erawl along the sunmiaces of thesroom. What is his 
shortest route? 


Draw the shortest route on diagram I. 
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What willbe thesshortest route at, the spider is at A 
and must get to G? Again he can only crawl on the 
Surtiaces oT the Walls or the: ceiling or floor. 


Draw the route on diagram II. 
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BUESTION 7 (not used*irerf-inatl test) 


(i) 


Ge 


The cube in diagram A is a unit cube. All the edges 
are 1 unit long. 


lf tne cubepin tnevdiagran 1s painted, how many of its 
faces are painted? 
lof aes peal EN | | 


The cube* 1n vdragram: BY se built of heemnateb locks... .-Each 


A 


edge is 2 units long. 


hie tve outsidesoT tiis cube isepainted, how many blocks 


have 
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iin) webidagram. C.1Sisa bso .bULLt eanom uni tab hocks. 
Each edge is three units long. 
(ae How: mam cumit..b Locks: anesthene -heneaderestaae... 


NOWsanswem.queSttons Gb) eto, Cn) fon athne, block. 
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Appendix 10 


Teachers' Guide 


(Translation of the version used in Israel) 


Aims 

This unit is designed to serve as an introduction to 
the study of geometrical solids in the sixth and seventh 
grades. It was decided to begin with the general rectan- 
gular prism, since material on the cube and the regular 
Soludseialtready exists an the textpbpooks used in ‘schools. 
ice Uni te Dnovl CesmODpDORtUNL tiles Lor ties cn id to pudld 
three-dimensional models, to compare their sizes, and to 
mMentity special dines: 1nwrelation to the solids. The unit 
deals with number patterns and simple combinatoric problems. 
le cans be USedras fan sintroductivon to volume. as revision of 
Pies and problems oORereliationsnips. and as “a ‘basis for 
finding functions. 

Phestte Ceni.dl di seesimueap 1.e. fOW chia haren wot wvearlouss: ages 
and abilities. The children use concrete materials when 
working through the unit. They can make hypotheses and test 
them, and solve the problems in an abstract way. It is 
possible that children of the same age may differ widely in 
their ability to perform the various assignments in the 
unit. 

The work can be done by a child by himself, or working 


in groups of three or four. 
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The children should be given pieces of stick or drink- 
ing) Samaws) Ofetiengths Baciise Sac, “ands Siicem andoiasked stos fiind 
the number of different rectangles. After the children have 
had time to think about and experiment with the problen, 
@iscuss thesresults: with’ the. classi ase anwhole, vito find out 
what the children discovered and how they reached their con- 
clusions. If the children have had no experience in solving 
Propilems “or this type, it is possiblietto guide the work: by 
asking first: “How many rectangles can one make from one 
iyoewOmMelengthe=. HYrom two: ...2.c 

It may be necessary to remind the students that a 
Square 1S. a=special rectangle, whe square, is aerectang le, 


but a rectangle does not have to be a square. 


Figure Al 


Venn Diagram of Quadrilaterals 


With one type of segment, it is possible to make only 
one rectangle, namely the square. Now get the children to 
examine the case when there are two segments, say 3 cm and 


5 cm. It is possible to use each segment as many times as 
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necessary, but we do not allow combining segments to make a 

longer Side (e.g. 13 cm from a 5 cm and an 8 cm segment). 
Three rectangles can be made from two different seg- 

Mento a Ole cone Jengtnss 5S cmpand o cms-one can make the 

sauanes, «o)cm by 5 cmvand=6 cm by 7/6 em, and the (rectangle 

9 cm by 8 cm. The question of whether or not the two rec- 


tangles in figure A2 are different should be discussed. 
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Rectangles 


The problem should then be extended to three, four and more 
segments. 
For three segments a, b, and ec we have: 
SdUAareS: wed sare Dok sen 
REGCANGTeS. a nO te SQ Udi, CStiman Ouen 2a er imO. co 
For four seaqments a , b , @ sd we have: ther fod lowing 


rectangles (arranged in a different grouping): 
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With this arrangement it is easy for the child to generalize 


the problem to nm segments. 


Finally if the results are tabulated we have: 


Table Al 


Rectangles Made From n Segments 


Number of Number of Number of ilumber of 
segments rectangles squares non-square 
rectangles 


] 1 ] ] 

2 3 2 ] 

3 6 3 3 

4 10 4 6 

5 Re: 5 10 

4 n(n + 1) i n(n - 1) 
2 Z 


The numbers obtained in the second and fourth columns are 
the triangular numbers. 

ie Way .tO .ODtaineet nS relat Ona Stat list COnCad culate 
the number of non-square rectangles, Lane eho bat 
To this must be added the number of squares n 

it iSalsomuser ile herve to discusses with Jtnes chasharen 
other problems leading to the same series. For example: 


(a) How many handshakes will there be if there are 


3, 4 or more people in a room and each shakes 
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hands with every one in the room? 

(b) The number of diagonals in a polygon. 

(c) The number of angles formed by n rays meeting at 
a pony. 

(d) The number of segments in a line, when » points 


are marked on the line. 


pageseo ands 4 iinabhe. wnat 


"What type of geometrical solids can you make from the 
rectangles on page 3? You can use each type of rectangle as 
many times as you please." Discussion of this question can 
be used as an opportunity to remind the students of the 


names of solids, such as prism, pyramid and cone. 


Page yo i vile, UniTt 

“How many different boxes can you build?" There is no 
need to explain what is meant by "different". When the 
cniidren make-dupl icate boxes Tt“ s’ possilb lerto poimnt out 
that the two boxes on page 5 are the same box. The children 
are given more rectangles than they need to complete the 
assignment, to allow for duplicates to be made. 

There is no need at this stage to demand accuracy or 
neatness int building. ' There® will be’ opportunities later’ for 
tis type oT accivity. lr. the students’ find tie biiiding 


difficult, encourage them to make nets first (Figure A3). 
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Figure A3 


Net of Rectangular Box 


Pages: 6 “and s/o "in tthhesunit 
It is possible to build 10 different boxes from the 


rectangles shown on page 3, i.e. of side lengths a, b and e. 
Sie tne cunitethe Llengunss, ovandeo cm are. used. )) Hhhe 
notation 3, 5, 8 is used to designate the box whose side 
Penguins tare 3 Cit. > .cmmand o Ci, ether notation 3s —x..5 °x/ 8 

is avoided, as it implies multiplication, and hence volume. 
However multiplication is only one of the properties of a 
rectangular prism. 


The possibilities are: 
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Table A2 
Rectangular Prisms Made with 3 Different Edge Lengths 


Vass Geek ow sc (3.863) (ater ents v's <. (Comoro) 
Coot at eh ae (353) EN OI T MSEe erase (525 5'5)) 
UR ie oe oe oso)) Wee eiey Reece oro) 
ose 8 ee ee Sisbinoy) (awe gueD pe emar (SF Bie 0) 
CD) oe eh is res (or eora) Gemrena)) fae (ave: (8.8,8) 


Notice the different ways in which the children arrange the 
boxes and check to see if they have found all possibilities. 
They may first check to see if they have made all the cubes. 
They may measure the sides. If the children find this 
exercise too difficult they can match their boxes with those 
in the booklet. The missing boxes on these pages are the 
Pirece = largest. =boxes: 0545505, 105 6407 andeG,o,o)- 

At this stage the’ Table Al of this guide can be extend- 
Pde Vitis» recommended stnat thisyvaccivwvicy Ws) surtabve Tor 
children of high ability. The extension is shown in Table 
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Table A3 


Rectangles and Rectangular Prisms Made From n Segments 


Number of Number of Number of 
segments rectangles boxes 


Tosencourage ihe childrensto Tindrthe pattern’, they 
Should first see that the number of boxes in the m-th row 
is the sum of the number of rectangles in all the rows up to 
the m-th row. For example, for 5 segments the number of 
PObses aatS) ba ot ts 1G bh Oe teil Sim! 3 Se 


To find the total number of boxes, we 
first compute the number of boxes with no 
Sigitiance: -Sitidies!) OST his? 1s 


"VY n(n = 1 n- 2 
& L223 


For the number of boxes with two square 
faces we are free to choose only two 
lengths, that is the length of the side 
of the square and the length of the third 
edge. For each choice of a and b we get 
two different boxes, namely a xX a xX b and 
ake 1 Xe Db, 
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Thus we must multiply H by we: 


There are m solids all of whose faces are 
Saudadnes, #icen iene CUbDeS= wIODV1OUSd Y. o.tCals (not 
possible to make boxes with four or with an 
odd number of square sides, so our count is 
complete. In all we have 


different boxes.) Dhiswnesult ss equal to 


founmce taate LNe nNuUMNDern Of boxe S awl tnoUt 
Square faces is 


i 
w 


iotice when n 


Thus there is only one box with no 
Square faces. 


(Kuper and Walters (1976)) 
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The ain-of this*sactivity’ 1s tosenable the chitdren’to 
mee@onize vine Set of boxes, before ithe subject. of their 
volumes 1s introduced. «The children can sort the boxes in 
any different ways. Encourage them to sort the boxes into 


more than two groups. Here are some possible arrangements: 


Table A4 


Sets of Boxes 


Two sets 
A B 
Milectnose witha 3,3 Tace MhOS CEWiLiwnO eons af ace 
All those with a square Those with no square face 
face 
mnose: witha 3° Cor 5S or ho Schum h OU Li darse Oro FOr 
8) cm edge 8) cm edge 
POR eesSets 


C 


A B 


Maximum of 2 faces 
the same. 


A maximum of 4 
faces all the same 


6 faces all the 
same 


POllteesets 


B C 


A 


All those with 
Satlane sfaces, Sou|)Squane: Taces 3431 square 


All those with 
square faces 8,8 


The students may bevsurprised to find that there is .only one 


bow in set Di, wives With, no square face. 
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If the class has learnt some set theory, they could be 
asked to sort the boxes into two sets with non-zero inter- 


Section. For example: 


Two 
Square 


faces 


There are boxes that fulfil the condition: 
edge of 8 cm and two square faces. 


Figure A4 


Venn Diagram 
for the Box Sortingr Game 


Page: 9 in the unit 
hioecan we cuite diutricul t, Comming tnesinyS Sang bos.) ine 


task is made easier if the boxes are sorted in a systematic 


way. 


Page 10 in the unit 


This page is used to motivate the introduction of 


volume. 


Page. Its in tne unit 


Before the children can calculate the volume, it 1s 
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necessary to know the algorithm, that the volume of a rectan- 
gular prism is the product of the three edge lengths. This 
motivation is provided by the investigation on the previous 
bave= win, order to check the order) of the boxes, the stu- 
dents have to calculate or measure the volumes. 

The boxes made by the children are usually not strong 
enough for the work in this section. It is recommended 
that the teacher provides each group of 4 or 5 children with 
a set of well-made open boxes. Unit cubes or Cuisenaire 
rods make a good material with which to fill the boxes. 
Many children discover for themselves that there is no need 
COs wieetne box completely, it is enough, tovmeasure the 
three side lengths and to multiply the three numbers. If 
the discovery does not come naturally, one can ask the 
question "What can you do if you haven't enough blocks?" 
Ppeocdutnon. i the table(page: Wlitote the unit) ic efiiied sin .on 
the golackboard, manys cri ldren Wins see “tirate ror thers, 5,8 
box the number 120 has been obtained by multiplication. 

ote that the volume is recorded in cm. The boxes 
were recorded in the Table A5 in a systematic way. This is 
of course not the only possible way. Another is shown in 


Table A6é. 
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Table A5 


eee 


Systematic Arrangement 


Box Size Volume Ratio of volume 
cm of neighbouring 
pairs V/V> 


A O93: 3 - 
B Bio. O 0.6 
C 5150156 Um 5 
D aio, 0.96 
E 38, 5t 48 OR GAs 
F Siete: Oi62.5 
G stir, ae) e556 
H sha erte. Ono S 
I ba, S46 Ox6.25 
J Sua. D2 62.5 
Table A6 
Arrangement in Order of Volume 
Box Size ae Ratio of volunie 
cm of neighbouring 


pairs Vi/V5 
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hae le inthe unit 

The volume problem can be used as a revision of or as 
an introduction to ratio. The volumes of the two boxes in 
the drawing on page 12 are 75 and 72 cm°. The ratio bet- 
vecneciresec: VOLUMES TS) /'57 #2 el.04.8 ht. 1s dit ficult: to 
distinguish by eye between these two boxes. The difference 
Betweenmtne two volumes=“is* not asignit icant qkantity. “hor 
example, consider a box of volume 8 cm? and one of 10 cm® 
Me -aifference in their volumes is 2 cm, DUE Sanven tatoo Ff 
the larger volume to the smaller is 1.25. Consider two 
boxes of volumes 80 cm? and 82 cm, Again the deer arene iS 
2 cm? bac tne ratio of volumes 1S. 1.025. sihis secondypailr 
of boxes would be difficult to order by eye. 

Other problems can be formulated using different trip- 
hetsen pro Vedings al :source for calculations of vo lume sand 


ratio. (For a detailed account of this activity see Kuper 


and Walter, 1976.) 


Pages tls sofeethe. unit 


Children tend to think that squares are not rectangles. 
Discuss the idea that the square is a special form of quad- 
rilateral and rectangle. 

Three boxes are made from squares only, and one using 
no squares. 

Pie patterns Thlustrated on page “hd oT "the sunit aveven 
introduction to the next section and will be examined in 


detail later. 
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Pagese) 40 1/ oT thecunit 
Provide each child with five identical squares of card 
and encourage them to move the squares about to find the 
patterns. These should be drawn on squared paper and cut 
Huw oquanes Of side length rs sor 4 cm, form. a suitable size. 
The rules for forming the patterns are shown on page 
14 of the unit. The students can test for congruent shapes 
by fitting them on top of each other. Among the patterns 


which are often duplicated is pattern (a) (Fig. A4). 


qa 


tcl ee meen ey 
Figure A4 


Rotations of some Pentominoes 
Pecan be placed in, etrght'different wrientations as 
Shownpin Figure 4):(a)} - Uh). (b), ea) and (d)%are found 
by esuecessn ve 41/4 turn ‘rotations ati(a). watterns we). (ff), 
iqyvand=(h) are obtained by successively “flippin (Ca) , 
loeeccy sand (dj). Alternatively wercan athip van and: tien 


roLvave successive: 1/4 turns. 


(e) (f) (g) (h) 


Figure A4 
Rotations of some Pentominoes 


Tne pattern (Kk) 7s Not usually pepented-/ elt isusyvimet- 


ric witn respect to 1/4 turns. 
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(k) 


Figure A4 


Rotations of some Pentominoes 


The duplicate patterns on page 1/7 of the unit are: 
Peon ducas) and Ge Ey.and: i. 


The missing patterns on page 18 are: 


Figure A5 


Pentominoes Missing from Page 18 of the Unit 


Pace 19 ten the unit 


There are eight patterns that fold into an open 


box. These are marked’ B in Figure’ AG. 
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Figure A6 


The 12 Pentominoes 
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page, 20 of the unit 


Cid Sae ss ONMODL TONG oexercase. aS» 1b Se dit ficult. 
There are 35 possible patterns of which 12 can be folded 
into a closed box. Figure A8& shows the 35 , 
DOsoiba iaiti1es. ’ These form two groups:-s(a) 1} -odd 
hexominoes (covering 3 black and 3 white squares of a 
chess board) and (b) 24 even hexominoes (covering four 
squares of one colour and 2 of the other on the chess board). 
hie, pactenns..which .willsfold into <a, closed box are marked) .B. 
(Gardener, 1959; Golomb, 1967) 

Peamay espe Nelptul’ toe fi rstediscuss. the pateerns made 


from 1, 2, 3 and 4 squares, before attempting this problem. 


Monomino | | pf 
pies J 
i 2 


~ Tetromino 
——_! 


Figure Ad. 


Domino 


Triomino 


Polyominoes of Ordem il o2..3 ma 64 
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(The hexominoes which will fold into closed boxes are marked B) 


11 "Even" Hexominoes 
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The Hexominoes 
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The children now make an accurate model of an open 
box. The net can be copied or drawn with ruler and com- 
basses. socore: theyfold lines: with: a sharo, instruments to 
make folding easier. 

The flaps can be placed in other places, not necessar- 


ily those shown in the diagram. 


Pages 23 and 24 in the unit 


These pages give the child opportunity to examine the 
box carefully, and to compare the box with the drawings of 
the box in the unit. Make sure that the letters are placed 
in the direction shown on page 23. The right-hand drawing 
on page 23 is not possible. On page 24 both the right- 


hand drawing and the bottom one are impossible. 


Page 25. in, the unit 


There are 30 different ways of colouring an open cube, 
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using five different colours. In order to discover this 
the child would need a set of more than 30 cubes. However 
toi Seolter i clentato provide one finished setwfor discussion 
with the class at the end of the assignment. This set is 
made easily by using coloured sticky paper on the sides of 
the boxes. 

However if the child is provided with a duplicated 
sheet, containing between 40 and 50 of the nets shown in 
the next diagram, he will be able to investigate the prob- 
lem by colouring the nets. 

To calculate the number of different ways to colour 
thexoutside of the “open cube using 5 different colours, it 
Pooreonvenient tomstart by» coloUring, the ase. Wihigure: ng) 
There are 5 ways of choosing a colour for the base. Now 
there are four colours remaining. Consider one of the 
ficese say. 7. Choose one, of the nemaining colours »for A: 
Since the open box has fourfold symmetry, we need not count 
how many ways we can colour face A. The face opposite 4A 
can eeccoloured in 3 dif ferent ways...) Thus (tnene ‘are 
sea .5 =i Ways of (colouring «the tbase jand™ two “faces:en Tnere 
are two different ways of colouring the remaining two faces 
Wiktietwor. colours ©, Whusstthere are 5 x 3 x 2°= 30. different 
ways of colouring the open cube using five different 
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Figure AQ 


Colouring an Open Cube 


Pieesixe patterns A; 2B, Ca DS Ff avend eave, mace «from the 
Dogbekies. -.From.eachvofethe,otnerspatbernsud,425.¢e0and: 5 
we also get 6 different variations of the colouring prob- 


lem. Thus there are 5 X 6 ways of colouring the open cube. 
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This exercise is designed to provide experience in 
looking at lines in a three-dimensional setting. 

ihe Vongestaustackathat will fitoin i Tsatherside: Length 
cvos Unethe case, of the.cube built in etns vent. the stick 
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box from A to G, (Figure Al0O) from B to H, from C to Z and 
from D to F. The sticks are given to the students in whole 
centimetre lengths. This avoids the discussion about which 
is the longest. It is clear to the students that the 8 cm 
rod goes in, but the 9 cm one is too big. 

In order to calculate the main diagonal, we use 


Py thagoras's theorem. 


Figure Al0 


Diagonals of the Cube 


He need to calculate the length ZC, tne main or longest 


diagonal of the cube. (ZC is the same length as AG, DF, 


Let the edge length of the box be a cm. In A ADC , by the 


Pythagorean theorem, < ADC = 90° 


ap’ + pc® = ac* 
ar eae ace 
af = act 
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Similarly, in A FAC, <FAC = 90°, therefore 


Ag’ + ac® = Ec? 
oA 3 Dal = eka 
Sete = mee 
EC), = av'3 
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Page, sOsain the unit 
ihe ratio of the diagonal to sthe side length is Tsv3 


This is an optional exercise. 
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The rectangle which will just fit into the open cube is 
Hiemones tabelded 8. Tt-1s> aboute7 cm byi5 ch ov2ebyn 5 cm. 

The rectangle fits into the box in two dtfferent ways, 
asesnown in =the diagram...’ Altogether the rectangle Tits: 1h 


6 ways. The 5 cm edge lies on ZA and GC, HD and FB, HE and 


Cp vie wand ARS Gr cand Abi, (oY Er tand 2G. 
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Figure All 


The Rectangle and the Cube 
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Page: 36. in the unit 
The stick will lie along the diagonal of the rectangle, 


and is the same length as the diagonal of the cube, namely 


573 cm. 


Pages, B/> andy 385 i0f the unit 


These two pages are optional. 
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Additional problems 


These problems have not been arranged in any particular 
order. They include ideas which were not used in the unit, 
in order not to increase the length of the unit itself. 

More ideas can be found in Kuper and Walter (1976). 
(1) The work can be carried out with other lengths. 
(2) Suppose the volume of a particular box were halved. 
What should one do to the original volume to get 


the new volume? For example, the 3, 5, 8 box has 
3 


a VotUune Of “T20ccmn 4) a ieonen made theo x on eo e4 
One has a box of volume 60 com>. Try simidar prob= 
lems. 


(3) The Pythagorean problem can be done in greater 
detail. 

(4) Discuss the problem of finding boxes of the same 
volume, using different rectangles. 

(5) Investigate the "stick" problem with the boxes 
used in (2) above. 

(6) Calculate the surface areas of the boxes, and the 
ratio of the surface area of neighbouring boxes as 
described on page 1l) of the unit 

(7) Calculate the ratio surface area/volume or volume/ 
surface area. Are there interesting results? 

When is the ratio a maximum or minimum? 

(8) Make an open and a closed box, the open box being 

Slightly bigger than the closed box, so that the 


latter will fit easily into the former. Using the 
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closed box, repeat the colouring problem of page 
25 of the unit, using six different colours. 

How many differnt ways can one put the coloured 
closed cube into the coloured open cube? 

HOw many different ways can one colour a box 


using 2, 3, 4, 5, or 6 different colours? 


220 


ati ie pe iN ea wt 
a” 
a al : Reals vate J Wie ue at 
an i goes we Bibi ae i 
bord ia ee sieient 


bi, cane i 


Kod 6 ‘olefin alee his eeew 9 M 
Tevu rex toons tt hb a saba ms ve 


Gb: yee ie Aa 


oe | 


a 9 ie heey arts. < 
aa ; i 
. oY ane ‘tes eal h 
ut rat 
; ” 
a, Fe: . 
; why 
con 
ea 
4 
2 4 
Pa a aa” 
: j 
4 ea 
iT ’ . ' 
eee ne 27 wey er we 4° y 


alice Al 


22] 


Materials required for the unit and teaching time 


seage 4. Pages |, toa/ Approximate number 


of lessons 


foepmecesmeach, Of Card: 3 by 3, <3i by. 5. 2 
SDV Os OD Y? 2. ; 
IAD YO san DV On 


Masking tape 
Ser1ssovs 


firastic pad (25 cmaby, 35cm) \foN storage 


Notebook 
Lager ee  eeagesi se, LOZ 2 


The set of boxes made by the children in the Stage 1 
Sets of strongly made boxes 


Cubes whose edge is one centimetre, or Cuisenaire rods 


pmederso a Page si3.to8l9 2 


POmledcne child — 5 Squares: Of Card, side 37cm 
1] sheet of construction paper or 
Squared paper 
Scissors and glue 
A demonstration set of tne 12 pentominoes, scored along the 
POP ennnes 
Possible poster displays - Tessellations of the pentominoes 
Tessellations of the hexominoes 
Diagram of all the 12 pentominoes 
fitted together to form a rec- 


tangle 
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Approximate number 
of lessons 

stages4:s-Pages. 20,to0125 ry ANON E 
Squared paper 
Net of the box on page 21 
Construction paper 
scissors, coloured pens or pencils, glue 
Duplicated sheet containing at least 40 small 


copies of the net on page 2] 
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The open box made in stage 4 

SurexssoGepveces of drinking straws ‘Of Jength 
#5, -to: 50 cin 
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Nets of boxes of other edge lengths 
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The sticks used in stage 5, and the box made in stage 4 


Plasticine, glue and scissors 
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To the teacher: (Supplied to teachers in Edmonton) 


This folder contains the following material: 


ibe 


Booklet "Making Rectangular Solids" by Marie Kuper and 
Marion Walter. (Please note that this material is copy- 
righted and may not be reproduced without permission.) 
List of materials required for each section. 
Reproduction of a series of lessons given by Marie 

Kuper at the Talmud Torah School, Edmonton, in Grade 6. 
The material was taught in 9 lessons of 55 minutes. 

It is preferable to spend 12 lessons of 45 to 50 min- 
utes. So some points were omitted and curtailed in the 
protocol, which is intended as a guide only. Comments 
will be most welcome. 

Teachers' guide (written before the unit had been taught). 
Article "Edges to Solids" written by Marie Kuper and 
Marion Walter, explaining the mathematics in the unit. 
Proposal for this study, presented. to Ed Cl 596, at) the 


University of Edmonton, March 1975. 
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